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 A B S T R A C T

The problem of trajectory tracking for a class of differentially driven wheeled mobile robots (WMRs) under 
partial loss of the effectiveness of the actuated wheels is investigated in this paper. Such actuator faults may 
cause the loss of strong controllability of the WMR, such that the conventional fault-tolerant control strategies 
unworkable. In this paper, a new mixed-gain adaption scheme is devised, which is adopted to adapt the gain 
of a decoupling prescribed performance controller to adaptively compensate for the loss of the effectiveness of 
the actuators. Different from the existing gain adaption technique which depends on both the barrier functions 
and their partial derivatives, ours involves only the barrier functions. This yields a lower magnitude of the 
resulting control signals. Our controller accomplishes trajectory tracking of the WMR with the prescribed rate 
and accuracy even in the faulty case, and the control design relies on neither the information of the WMR 
dynamics and the actuator faults nor the tools for function approximation, parameter identification, and fault 
detection or estimation. The comparative simulation results justify the theoretical findings.
1. Introduction

By feat of the high flexibility, efficiency and degree of automation, 
wheeled mobile robots (WMRs) have been or are being applied in 
various commercial and military fields where human intervention is 
slow, expensive, unreliable or infeasible. For instance, the intelligent 
inspection WMRs constitute a platform for intelligent data collection, 
decision-making judgment, information integration and inspection, and 
operation and maintenance of industrial scenarios. For another exam-
ple, the reconnaissance WMR is used for surveillance, reconnaissance, 
explosive ordnance disposal, and communications relay. On the other 
hand, several theoretical challenges inspire the research interest from 
academia. In general, the WMR is driven in an underactuated mode 
and exhibits uncertain dynamics, both of which challenge the control 
design. Motion control is the basic foundation of a WMR, of which 
trajectory tracking is a typical task, i.e., drive the WMR to move 
along a spatial and temporal target trajectory. To this end, various 
control methods have been developed for WMRs, e.g., proportional–
integral–derivative control [1], linear–quadratic regulator control [2], 
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model predictive control [3], adaptive control [4], sliding mode con-
trol [5], iterative learning control [6], neural network control [7], 
fuzzy control [8], and prescribed performance control (PPC) [9–12]. 
In particular, the PPC strategy accomplishes trajectory tracking of the 
WMR with the preassigned rate, overshoot and accuracy even in the 
presence of unknown dynamics and external disturbances.

Nonetheless, of particular note is that the above methods work for 
the fault-free case. In practical applications, WMRs are unlikely ever 
immune to faults. The long-term operation results in aging, leakage, 
and wear and tear of the sensors and actuators of the WMR. The 
temperature, humidity, electromagnetic fields, and vibration in a harsh 
environment have also an impact on the function and lifetime of these 
components. For example, the WMR in an open-pit mine is subject 
to extreme cold or heat, dense dust, and gravel roads; the WMR in 
a metallurgical industry is exposed to thermal and electromagnetic 
radiation. Faults may not only cause mission failures but also lead to 
secondary hazard. Once the WMR goes out of control, it could collide 
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with people or objects in its surroundings. Actuator faults seriously 
threaten the control system [13], whose dynamic behavior is directly 
altered by the false control command. Fault-tolerant control (FTC) aims 
to ensure the control system to retain stable and perform its basic 
functions in the event of faults.

The WMRs are a type of multivariable nonlinear systems with 
inputs coupling. For such plants with unknown control distribution 
matrices (CDMs), most of the existing FTC methods work for the 
case of the strongly controllable faulty systems. This means that the 
unknown CDM plus its inverse matrix is uniformly positive or negative 
definite, even in the presence of actuator faults [14–18]. This require-
ment can be satisfied for diverse healthy practical systems, such as 
permanent magnet synchronous motors, marine engineering vehicles, 
robotic manipulators, etc. In the event of partial loss of effectiveness 
(PLOE) of the actuators, however, the system CDM is changed and 
its transformed version may become singular. In this case, just the 
controllability of the healthy system holds. To eliminate the need for 
the strong controllability of the faulty WMR, an iterative learning FTC 
strategy was developed [19], in which the constant inertial matrix of 
the WMR is skilfully introduced in the Lyapunov candidate function. 
Nevertheless, it necessitates the known nonlinearities of the WMR and 
is not effective for the case of the state-dependent CDM [5,8]. Recently, 
some FTC designs for the non-strongly controllable nonlinear plants 
were reported [20–22], in which the variable gain technique is adopted 
to accommodate the actuator PLOE faults. However, the consequent 
control magnitude may be significantly enlarged, because the variable 
gain is a lumped term of the norms of two types of barrier functions. It 
is noteworthy that any barrier function possesses the infinity property.

In this paper, an innovative fault-tolerant PPC strategy based on a 
novel mixed-gain adaptation technique is devised for the WMRs under 
unknown dynamics, external disturbances and actuator PLOE faults. It 
outperforms the above-mentioned FTC methods as summarized below.

1. The requirement for the strongly controllable faulty WMR [14–
18] is excluded.

2. It steers the WMR to track the target trajectory with the pre-
specified rate and accuracy, unlike the uniform ultimate bound-
edness of the tracking errors [5,8,23–27].

3. It exhibits both a low-gain property compared with [20–22] and 
a low complexity without parameter identification [4,18,19,24,
25,28,29], function approximation [5,7,8,12,23,26,27], distur-
bance estimation [8,11] or fault estimation [30].

The remainder of the paper is organized as follows. Section 2 for-
mulates the problem under consideration. The control design is carried 
out in Section 3. Section 4 validates its feasibility. A simulation study 
is performed in Section 5. Finally, Section 6 concludes this paper.

2. Problem formulation

2.1. System description

Consider the differentially driven WMR illustrated by Fig.  1, whose 
motion equations are written by [9,19,23,25,31]
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑥̇(𝑡) = 𝑟
2
(𝑣1(𝑡) + 𝑣2(𝑡)) cos 𝜃(𝑡),

𝑦̇(𝑡) = 𝑟
2
(𝑣1(𝑡) + 𝑣2(𝑡)) sin 𝜃(𝑡),

𝜃̇(𝑡) = 𝑟
2𝑏

(𝑣1(𝑡) − 𝑣2(𝑡)),

𝒗̇(𝑡) = 𝑨(𝜃(𝑡), 𝒗(𝑡)) + 𝑩(𝜃(𝑡), 𝒗(𝑡))𝝉(𝑡) +𝑫(𝑡),

(1)

where (𝑥(𝑡), 𝑦(𝑡)) and 𝜃(𝑡) denote the position and heading of the WMR, 
respectively; 𝒗(𝑡) = [𝑣1(𝑡), 𝑣2(𝑡)]T ∈ R2 is a vector of the angular 
velocities of the actuated wheels; 𝝉(𝑡) ∈ R2 is a vector of the control 
torques applied to the actuated wheels; 𝑫(𝑡) ∈ R2 stands for the 
external disturbances which are bounded; 𝑟 and 𝑏 are defined in Fig. 
1; 𝑨(𝜃(𝑡), 𝒗(𝑡)) ∈ R2 is a nonlinear vector which is continuous in 𝜃(𝑡)
74
Fig. 1. Configuration of a WMR in the earth-fixed frame 𝑋𝑂𝑌 .

and 𝒗(𝑡); 𝑩(𝜃(𝑡), 𝒗(𝑡)) ∈ R2×2 denotes the nonlinear control distribution 
matrix which is positive definite and continuous in 𝜃(𝑡) and 𝒗(𝑡) as well. 
The WMR dynamics is elaborated in [19,31].

2.2. Actuator PLOE faults

Consider the actuator PLOE faults as follows

𝝉(𝑡) = 𝑷 (𝑡)𝒖(𝑡) =
[

𝑝1(𝑡) 0
0 𝑝2(𝑡)

] [

𝑢1(𝑡)
𝑢2(𝑡)

]

, (2)

where 𝑢𝑖(𝑡) denotes the 𝑖th control signal to be designed, and 𝑝𝑖(𝑡)
describes the efficiency of the 𝑖th actuated wheel, 𝑖 = 1, 2. The 𝑖th 
actuated wheel is healthy, if 𝑝𝑖(𝑡) = 1; it partially loses the effectiveness 
as 0 < 𝑝𝑖(𝑡) < 1.

Assumption 1.  There exist constants 𝑝 > 0 and 𝑝 such that [15,18,20,
21]

𝑝 ≤ 𝑝𝑖(𝑡) ≤ 1, |𝑝̇𝑖(𝑡)| < 𝑝, 𝑖 = 1, 2.

Remark 1.  The WMR dynamics in (1) under the actuator PLOE faults 
in (2) becomes
𝒗̇(𝑡) = 𝑨(𝜃(𝑡), 𝒗(𝑡)) +𝑫(𝑡) + 𝑩(𝜃(𝑡), 𝒗(𝑡))𝑷 (𝑡)𝒖(𝑡), (3)

where 𝑩(𝜃(𝑡), 𝒗(𝑡))𝑷 (𝑡) serves as the CDM. It is noted that 𝑩(𝜃(𝑡), 𝒗(𝑡))
and 𝑷 (𝑡) are both positive-definite by definition and Assumption  1. 
Therefore, 𝑩(𝜃(𝑡), 𝒗(𝑡))𝑷 (𝑡) is nonsingular, which means that (3) is 
still controllable in the case of actuator PLOE faults. Nevertheless, 
𝑩(𝜃(𝑡), 𝒗(𝑡))𝑷 (𝑡) may become an asymmetric matrix which is no longer 
positive-definite. It the related works on FTC under actuator PLOE 
faults [14–18], it is usually assumed that (𝑩(𝜃(𝑡), 𝒗(𝑡))𝑷 (𝑡)) +
(𝑩(𝜃(𝑡), 𝒗(𝑡))𝑷 (𝑡))T always remains positive-definite. This is named as 
the strong controllability condition of (3). However, 𝑩(𝜃(𝑡), 𝒗(𝑡))𝑷 (𝑡)
may become singular or neither positive-definite nor negative-definite, 
because the eigenvalues of 𝑩(𝜃(𝑡), 𝒗(𝑡))𝑷 (𝑡) change with respect to 
𝑩(𝜃(𝑡), 𝒗(𝑡)). See for example
𝑩 =

[

1.5 −1.0
−1.0 1.0

]

, 𝑷 =
[

1.0 0.0
0.0 0.2

]

,

(𝑩𝑷 ) + (𝑩𝑷 )T =
[

4.0 2.4
2.4 1.2

]

.

The eigenvalues of (𝑩𝑷 )+(𝑩𝑷 )T are −0.0692 and 3.4692, which means 
that (𝑩𝑷 ) + (𝑩𝑷 )T is neither positive-definite nor negative-definite. In 
this paper, we focus on the case where (3) does not meet the strong 
controllability condition and is just controllable.
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2.3. Control task

The control task for the WMR is fast accurate trajectory tracking. 
The target trajectory is denoted by (𝑥𝑑 (𝑡), 𝑦𝑑 (𝑡)).

Assumption 2.  There hold 𝑥̇𝑑 (𝑡) ∈ ∞ and 𝑦̇𝑑 (𝑡) ∈ ∞.
Define the tracking errors by

𝑒𝑥(𝑡) = 𝑥𝑑 (𝑡) − 𝑥(𝑡), 𝑒𝑦(𝑡) = 𝑦𝑑 (𝑡) − 𝑦(𝑡). (4)

The resulting position error is
𝑒(𝑡) =

√

𝑒2𝑥(𝑡) + 𝑒2𝑦(𝑡). (5)

The requisite trajectory tracking performance is predefined by
𝑒(𝑡) < 𝑘(𝑡) = (𝑘0 − 𝑘∞)𝑒−𝜇𝑡 + 𝑘∞, (6)

where 𝜇 and 𝑘∞ are constants and quantify the tracking rate and 
accuracy, respectively; 𝑘0 > 𝑘∞ is a constant; 𝑘0, 𝑥𝑑 (0) and 𝑦𝑑 (0) meet
0 < 𝑒(0) < 𝑘(0). (7)

Problem 1.  For the WMR in (1) with unknown dynamics under 
the actuator PLOE faults in (2), design an FTC scheme such that the 
performance specification in (6) holds via bounded control torques.

3. Control design

In this section, a novel mixed-gain adaptation-based fault-tolerant 
PPC strategy is devised to solve Problem  1. On the purpose of (6), 
employ the following barrier function:
𝜑1(𝑡) = ln

(

𝑒(𝑡)
𝑘(𝑡) − 𝑒(𝑡)

)

. (8)

In order to handle the underactuated nature, construct a pair of auxil-
iary variables:
𝑧2(𝑡) =

𝑒𝑥(𝑡) sin 𝜃(𝑡)
𝑒(𝑡)

−
𝑒𝑦(𝑡) cos 𝜃(𝑡)

𝑒(𝑡)
, (9)

𝑠2(𝑡) =
𝑒𝑥(𝑡) cos 𝜃(𝑡)

𝑒(𝑡)
+

𝑒𝑦(𝑡) sin 𝜃(𝑡)
𝑒(𝑡)

. (10)

For 𝑧2(𝑡), select a performance function as follows
𝑘2(𝑡) = (𝑘2,0 − 𝑘2,∞)𝑒−𝜇2𝑡 + 𝑘2,∞, (11)

where 𝜇2 > 0 and 𝑘2,∞ > 0 are constants, and 𝑘2,0 > 𝑘2,∞ meets
|𝑧2(0)| < 𝑘2(0) < 1. (12)

Deploy another barrier function:
𝜑2(𝑡) = ln

(

𝑘2(𝑡) + 𝑧2(𝑡)
𝑘2(𝑡) − 𝑧2(𝑡)

)

. (13)

Accordingly, design the following intermediate control laws:
𝛼1(𝑡) = 𝜆1sign(𝑠2(𝑡))𝜑1(𝑡), (14)

𝛼2(𝑡) = −𝜆2sign(𝑠2(𝑡))𝜑2(𝑡), (15)

with 𝜆1 > 0 and 𝜆2 > 0 constant control gains. Let
𝑧3(𝑡) = 0.5𝛼1(𝑡) + 0.5𝛼2(𝑡) − 𝑣1(𝑡), (16)

𝑧4(𝑡) = 0.5𝛼1(𝑡) − 0.5𝛼2(𝑡) − 𝑣2(𝑡). (17)

For the intermediate errors, choose the performance functions as fol-
lows

𝑘𝑖(𝑡) = (𝑘𝑖,0 − 𝑘𝑖,∞)𝑒−𝜇𝑖𝑡 + 𝑘𝑖,∞, 𝑖 = 3, 4, (18)

where 𝜇𝑖 > 0 and 𝑘𝑖,∞ > 0 are constants, and 𝑘𝑖,0 > 𝑘𝑖,∞ fulfills
|𝑧𝑖(0)| < 𝑘𝑖(0), 𝑖 = 3, 4. (19)

To confine the intermediate errors, construct
𝜑 (𝑡) = ln

(

𝑘𝑖(𝑡) + 𝑧𝑖(𝑡)
)

, 𝑖 = 3, 4. (20)
𝑖 𝑘𝑖(𝑡) − 𝑧𝑖(𝑡)
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To deal with the inputs coupling of the WMR, design
𝜌𝑖(𝑡) =

𝑘𝑖(𝑡)
𝑘2𝑖 (𝑡) − 𝑧2𝑖 (𝑡)

, 𝑖 = 3, 4. (21)

Let

𝜌(𝑡) =
[

𝜌3(𝑡) 0
0 𝜌4(𝑡)

]

, 𝜑(𝑡) =
[

𝜑3(𝑡)
𝜑4(𝑡)

]

. (22)

The final control law is formed by
𝒖(𝑡) = 𝜆3‖𝜑(𝑡)‖𝜌(𝑡)𝜑(𝑡), (23)

where the parameter 𝜆3 > 0 is freely chosen, and ‖𝜑(𝑡)‖ aims at 
accommodating the actuator PLOE faults.

Remark 2.  Instead of robust control schemes, adaptive estimation 
mechanisms and iterative learning algorithms [14–20], which are com-
monly adopted in the conventional FTC designs, the mixed-gain adap-
tation technique is combined with the decoupling PPC method to form 
the controller in this paper. In (23), ‖𝜑(𝑡)‖ is employed to automatically 
adapt the gains of the two control signals together, no matter when 
and which actuator fails. This evades the need for fault detection and 
isolation. Moreover, the original simplicity of PPC is preserved in the 
sense that the controller is free of parameter identification [4,18,19,
24,25,28,29], function approximation [5,7,8,23,26,27] and disturbance 
estimation [8,11], despite the independence of the dynamic model of 
the WMR in (1).

Remark 3.  Following the existing mixed-gain adaption technique [20–
22], the FTC law is in the form of
𝒖(𝑡) = −𝜆3‖𝜌(𝑡)𝜑(𝑡)‖𝜌(𝑡)𝜑(𝑡). (24)

Different from (24), only the barrier function vector 𝜑(𝑡) is involved in 
our controller in (23) for gain adaption. One sees from (22) that
‖𝜌(𝑡)𝜑(𝑡)‖ =

√

𝜌23(𝑡)𝜑
2
3(𝑡) + 𝜌24(𝑡)𝜑

2
4(𝑡),

‖𝜑(𝑡)‖ =
√

𝜑2
3(𝑡) + 𝜑2

4(𝑡).

Note from (21) that 𝜌𝑖(𝑡) significantly increases when |𝑧𝑖(𝑡)| is less 
than but close to 𝑘𝑖(𝑡), 𝑖 = 3, 4. In this case, ‖𝜌(𝑡)𝜑(𝑡)‖ is much 
greater than ‖𝜑(𝑡)‖, which means that our controller in (23) shows 
a significantly lower magnitude than the existing FTC law in (24). 
Therefore, a lower-gain adaptation scheme is employed, in comparison 
with [20–22].

4. Theoretical analysis

Theorem 1.  Under Assumptions  1 and 2 and the initial conditions in 
(7), (12) and (19), Problem  1 is addressed by the controller composed of 
(8)–(23).

Proof.  For uniformity, let
𝑧1(𝑡) = 𝑒(𝑡) − 𝑘1(𝑡), 𝑘1(𝑡) = 0.5𝑘(𝑡). (25)

Then, 0 < 𝑒(𝑡) < 𝑘(𝑡) implies and is implied by |𝑧1(𝑡)| < 𝑘1(𝑡). Now, we 
claim

|𝑧𝑖(𝑡)| < 𝑘𝑖(𝑡), 𝑖 = 1,… , 4, ∀𝑡 ≥ 0, (26)

by seeking a contradiction. Under (7), it is obtained from (25) that 
|𝑧1(0)| < 𝑘1(0). This together with (12) and (19) yields (26) for 𝑡 =
0. Note that the full state of the WMR, [𝑥(𝑡), 𝑦(𝑡), 𝜃(𝑡), 𝑣1(𝑡), 𝑣2(𝑡)]T, is 
uniformly continuous. It follows from Assumption  2, (6), (11) and (18) 
that 𝑥𝑑 (𝑡), 𝑦𝑑 (𝑡) and 𝑘𝑖(𝑡), 𝑖 = 1,… , 4, are uniformly continuous as well. 
Therefore, 𝑒𝑥(𝑡) and 𝑒𝑦(𝑡) in (4) and 𝑒(𝑡) in (5) remain so. One sees from 
(9) and (10) that
2 2
𝑧2(𝑡) + 𝑠2(𝑡) = 1, (27)
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and 𝑧1(𝑡) and 𝑧2(𝑡) are uniformly continuous. Accordingly, 𝜑1(𝑡) in (8) 
and 𝜑2(𝑡) in (13) are continuous, under 0 < 𝑒(𝑡) < 𝑘(𝑡) and |𝑧2(𝑡)| <
𝑘2(𝑡). On the other hand, one sees from (11) and (12) that 𝑘2(𝑡) < 1, 
𝑡 ≥ 0. Further, (27) implies |𝑠2(𝑡)| > 0 when |𝑧2(𝑡)| < 𝑘2(𝑡). In this 
case, sign(𝑠2(𝑡)) is fixed. As a result, 𝛼1(𝑡) in (14) and 𝛼2(𝑡) in (15) are 
continuous, as long as 0 < 𝑒(𝑡) < 𝑘(𝑡) and |𝑧2(𝑡)| < 𝑘2(𝑡). In this case, the 
same holds 𝑧3(𝑡) in (16) and 𝑧4(𝑡) in (17). The above findings manifest 
that if (26) is violated, then there is 𝑡∗ > 0 so that
lim
𝑡→𝑡∗−

|𝑧𝑗 (𝑡)| = lim
𝑡→𝑡∗−

𝑘𝑗 (𝑡), 𝑗 ∈ {1,… , 4}, (28)

and

|𝑧𝑖(𝑡)| < 𝑘𝑖(𝑡), 𝑖 = 1,… , 4, 𝑡 < 𝑡∗. (29)

Next, we suppose (28) with (29) and enumerate each scenario in (28) 
for justification. In what follows, the state or time dependence of the 
variables or functions are neglected for simplification.

Case 1: Suppose
lim
𝑡→𝑡∗−

|𝑧1(𝑡)| = lim
𝑡→𝑡∗−

𝑘1(𝑡), (30)

which means that
lim
𝑡→𝑡∗−

d|𝑧1(𝑡)|
d𝑡

≥ lim
𝑡→𝑡∗−

𝑘̇1(𝑡). (31)

From (6) and (25), we have
𝑘̇1(𝑡) ≥ 0.5𝜇(𝑘0 − 𝑘∞), ∀𝑡 ≥ 0. (32)

By (5) and (25), we obtain
𝑧̇1 =

1
𝑒
(

𝑒𝑥𝑒̇𝑥 + 𝑒𝑦𝑒̇𝑦
)

− 𝑘̇1. (33)

Differentiating (4) via (1) gives
⎧

⎪

⎨

⎪

⎩

𝑒̇𝑥 = 𝑥̇𝑑 − 𝑟
2
(𝑣1 + 𝑣2) cos 𝜃,

𝑒̇𝑦 = 𝑦̇𝑑 − 𝑟
2
(𝑣1 + 𝑣2) sin 𝜃.

(34)

Substituting (34) together with (10) into (33) yields
𝑧̇1 =

1
𝑒
(𝑒𝑥𝑥̇𝑑 + 𝑒𝑦𝑦̇𝑑 ) − 𝑘̇1 −

𝑟
2
(𝑣1 + 𝑣2)𝑠2. (35)

From (14)–(17), there exists
𝑣1 + 𝑣2 = 𝜆1sign(𝑠2)𝜑1 − 𝑧3 − 𝑧4. (36)

Substituting (36) into (35) yields
𝑧̇1 = 𝛿1 −

𝑟𝜆1
2

|𝑠2|𝜑1, (37)

where

𝛿1 =
1
𝑒
(𝑒𝑥𝑥̇𝑑 + 𝑒𝑦𝑦̇𝑑 ) − 𝑘̇1 +

𝑟
2
(𝑧3 + 𝑧4)𝑠2. (38)

One sees from (5) and (27) that
|𝑒𝑥|
𝑒

≤ 1,
|𝑒𝑦|
𝑒

≤ 1, |𝑠2| ≤ 1.

Under (29), there holds |𝑧3 + 𝑧4| < ∞, 𝑡 < 𝑡∗. Substitute the above 
findings together with Assumption  2 and (32) into (38). Then, we get
|𝛿1(𝑡)| < ∞, 𝑡 < 𝑡∗. (39)

According to (30) and (37), there is
lim
𝑡→𝑡∗−

d|𝑧̇1(𝑡)|
d𝑡

= lim
𝑡→𝑡∗−

(

𝛿1sign(𝑧1)
)

− lim
𝑡→𝑡∗−

(

𝑟𝜆1
2

|𝑠2|𝜑1sign(𝑧1)
)

. (40)

Rephrase (8) via (25) as follows
𝜑1 = ln

(

𝑘1 + 𝑧1
𝑘1 − 𝑧1

)

. (41)

According to (30) and (41), there holds
lim
𝑡→𝑡∗−

(

𝜑1(𝑡)sign(𝑧1)
)

= lim
𝑡→𝑡∗−

|𝜑1(𝑡)| = +∞. (42)

Based on (12) and (29), one sees from (11) and (27) that
√

2
√

2 ∗

|𝑠2(𝑡)| > 1 − 𝑘2(𝑡) ≥ 1 − 𝑘2(0) > 0, 𝑡 < 𝑡 . (43)
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Inserting (39), (42) and (43) into (40) yields
lim
𝑡→𝑡∗−

d|𝑧̇1(𝑡)|
d𝑡

= −∞. (44)

Now, we arrive at a contradiction between (31) and (44) as a result of 
(32). Accordingly, (30) is invalid. Instead, there is a constant 𝑜1 > 0 so 
that

|𝑧1(𝑡)| ≤ 𝑘1(𝑡) − 𝑜1 < 𝑘1(𝑡), 𝑡 < 𝑡∗. (45)
Case 2: Consider

lim
𝑡→𝑡∗−

|𝑧2(𝑡)| = lim
𝑡→𝑡∗−

𝑘2(𝑡), (46)

which necessitates
lim
𝑡→𝑡∗

d|𝑧2(𝑡)|
d𝑡

≥ lim
𝑡→𝑡∗

𝑘̇2(𝑡). (47)

It follows from (11) that
𝑘̇2(𝑡) ≥ 0.5𝜇2(𝑘2,0 − 𝑘2,∞), 𝑡 ≥ 0. (48)

Differentiating (9) via (5) and (10) yields
𝑧̇2 =

1
𝑒
(

𝑒̇𝑥 sin 𝜃 − 𝑒̇𝑦 cos 𝜃
)

−
𝑧2𝑒̇
𝑒

+ 𝑟
2𝑏

(𝑣1 − 𝑣2)𝑠2. (49)

It follows from (16) and (17) that
𝑣1 − 𝑣2 = −𝜆2sign(𝑠2)𝜑2 − 𝑧3 + 𝑧4. (50)

Substituting (50) into (49) yields
𝑧̇2 = 𝛿2 −

𝑟𝜆2
2𝑏

|𝑠2|𝜑2, (51)

where

𝛿2 =
1
𝑒
(

𝑒̇𝑥 sin 𝜃 − 𝑒̇𝑦 cos 𝜃
)

−
𝑧2𝑒̇
𝑒

+ 𝑟
2𝑏

(𝑧4 − 𝑧3)𝑠2. (52)

Under (46), we further get
lim
𝑡→𝑡∗−

d|𝑧̇2(𝑡)|
d𝑡

= lim
𝑡→𝑡∗−

(

𝛿2sign(𝑧2)
)

− lim
𝑡→𝑡∗−

(

𝑟𝜆2
2𝑏

|𝑠2|𝜑2sign(𝑧2)
)

. (53)

Due to (41) and (45), there holds |𝜑1| < ∞ for 𝑡 < 𝑡∗. Therefore, 𝑒̇𝑥 and 
𝑒̇𝑦 in (34) with (36) keep bounded for 𝑡 < 𝑡∗. Note that (45) implies by 
(25) that 1∕𝑒 < ∞ on [0, 𝑡∗). As a result, from (33), we know |𝑒̇| < ∞, 
𝑡 < 𝑡∗. Substituting these findings in conjunction with (27) and (29) 
into (52) yields
|𝛿2(𝑡)| < ∞, 𝑡 < 𝑡∗. (54)

From (13) and (46), there holds
lim
𝑡→𝑡∗

sign(𝑧2)𝜑2(𝑡) = +∞. (55)

Inserting (43), (54) and (55) into (53) shows
lim
𝑡→𝑡∗

d|𝑧̇2(𝑡)|
d𝑡

= −∞. (56)

Obviously, (56) contradicts (47) due to (48). Accordingly, (46) is 
impossible, and instead, there is a positive constant 𝑜2 so that
|𝑧2(𝑡)| ≤ 𝑘2(𝑡) − 𝑜2 < 𝑘2(𝑡), 𝑡 < 𝑡∗. (57)

Case 3: It remains to examine whether or not (28) holds for 𝑗 = 3, 4. 
The differential equations of (16) and (17) are lumped by
𝒛̇ = 𝑴𝜶̇ − 𝒗̇, (58)

where

𝑴 =
[

0.5 0.5
0.5 −0.5

]

, 𝒛 =
[

𝑧3
𝑧4

]

, 𝜶 =
[

𝛼1
𝛼2

]

.

Let

𝑯 =
[

𝑧3𝑘̇3
𝑘3

,
𝑧4𝑘̇4
𝑘4

]T

. (59)

From (20)–(22), we have

𝜑̇ = 2𝜌𝒛̇ − 2𝜌𝑯 . (60)
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Substituting (58) with (3) into (60) yields
𝜑̇ = 𝜌𝑳 − 2𝜌𝑩𝑷𝒖, (61)

where

𝑳 = 2𝜌(𝑴 𝛼̇ −𝑨 −𝑫 − 2𝜌𝑯). (62)

Substituting (23) into (61) gives
𝜑̇ = 𝜌𝑳 − 2𝜆3‖𝜑‖𝜌𝑩𝑷 𝜌𝜑.

Construct

𝑉 = 𝜑T𝑷𝜑, (63)

and there is
𝑉̇ = 2𝜑T𝑷 𝜑̇ + 𝜑T𝑷̇𝜑. (64)

Based on Assumption  1, there holds
𝜑T𝑷̇𝜑 ≤ 𝑝‖𝜑‖2. (65)

Note from (2) and (22) that 𝑷 𝜌 = 𝜌𝑷 . There thus holds
𝜑T𝑷 𝜑̇ = 𝜑T𝜌𝑷𝑳 − 2𝜆3‖𝜑‖𝜑T𝜌𝑷𝑩𝑷 𝜌𝜑. (66)

Since 𝑷  is a diagonal positive definite matrix and 𝑩 is positive definite, 
𝑷𝑩𝑷  is also positive definite. Let 𝜆4 be the minimum eigenvalue of 
𝑷𝑩𝑷 . This together with Assumption  1 enables us to scale (66) as 
follows

𝜑T𝑷 𝜑̇ ≤ ‖𝑳‖‖𝜌𝜑‖ − 2𝜆3𝜆4‖𝜑‖‖𝜌𝜑‖2. (67)

Substituting (65) and (67) into (64) leads to
𝑉̇ ≤ −4𝜆3𝜆4‖𝜑‖‖𝜌𝜑‖2 + 2‖𝑳‖‖𝜌𝜑‖ + 𝑝‖𝜑‖2. (68)

Under (29), there holds
𝑘𝑖

𝑘2𝑖 − 𝑧2𝑖
≥

𝑘𝑖
𝑘2𝑖

= 1
𝑘𝑖
, 𝑖 = 3, 4.

On this basis, it follows from (18), (21) and (22) that

‖𝜌𝜑‖ ≥

√

√

√

√

𝜑2
1

𝑘21
+

𝜑2
2

𝑘22
≥

√

√

√

√

𝜑2
1

𝑘21(0)
+

𝜑2
2

𝑘22(0)
≥ 𝜆5‖𝜑‖, 𝑡 < 𝑡∗, (69)

with 𝜆5 = max{𝑘3(0), 𝑘4(0)}. As a result of (57), 𝜑2 in (13) is bounded 
on [0, 𝑡∗). Therefore, 𝑧̇1 in (37) and 𝑧̇2 in (51) are bounded for 𝑡 < 𝑡∗. 
Then, (36) and (50) remain so, which ensures |𝑣𝑖| < ∞, 𝑖 = 1, 2, 𝑡 < 𝑡∗. 
Note by definition that 𝜃 ∈ [0, 2π). Further, due to the continuity of 
𝑨(𝜃, 𝑣) with respect to 𝜃 and 𝑣, there holds ‖𝑨‖ < ∞, 𝑡 < 𝑡∗. On the 
other hand, it follows from (18) and (29) that
|

|

|

|

|

𝑧𝑖𝑘̇𝑖
𝑘𝑖

|

|

|

|

|

< ∞, 𝑖 = 1, 2, 3, 4, 𝑡 < 𝑡∗.

It is obtained from (14), (15) and (43) that
𝛼̇𝑖 = −𝜆𝑖sign(𝑠2)𝜑̇𝑖, 𝑖 = 1, 2, 𝑡 < 𝑡∗. (70)

As (13), (20) and (41) show the same structure, one sees from (60) with 
(59) that
𝜑̇𝑖 = 2𝜌𝑖𝑧̇𝑖 −

2𝜌𝑖𝑧𝑖𝑘̇𝑖
𝑘𝑖

, 𝑖 = 1, 2, (71)

where

𝜌𝑖 =
𝑘𝑖

𝑘2𝑖 − 𝑧2𝑖
, 𝑖 = 1, 2.

Due to (45) and (57), 𝜌1 and 𝜌2 keep bounded for 𝑡 < 𝑡∗. As a result, 
𝜑̇𝑖 in (71) and 𝛼̇𝑖 in (70) remain so, 𝑖 = 1, 2. The above findings along 
with 𝑫 ∈ ∞ ensure ‖𝑳‖ < ∞, 𝑡 < 𝑡∗, by (62). Then, denote
𝑙 ∶= sup

𝑡∈[0,𝑡∗)
‖𝑳(𝑡)‖. (72)

Inserting (69) and (72) into (68) leads to

𝑉̇ ≤ −𝛾1‖𝜑‖‖𝜌𝜑‖2 + 𝛾2‖𝜌𝜑‖

2 + 𝛾3‖𝜌𝜑‖, 𝑡 < 𝑡∗, (73)
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where 𝛾1 = 4𝜆3𝜆4, 𝛾2 = 𝑝∕𝜆25 and 𝛾3 = 2𝑙. It is noted that for 𝑡 < 𝑡∗, if 
‖𝜌𝜑‖ < 1, then from (69) one has ‖𝜌‖ < 1∕𝜆5; if ‖𝜌𝜑‖ ≥ 1, then there 
is ‖𝜌𝜑‖2 ≥ ‖𝜌𝜑‖, which yields by (73) that
𝑉̇ ≤ −𝛾1‖𝜑‖‖𝜌𝜑‖2 + 𝛾2‖𝜌𝜑‖

2 + 𝛾3‖𝜌𝜑‖
2

= ‖𝜌𝜑‖2(−𝛾1‖𝜑‖ + (𝛾2 + 𝛾3)), 𝑡 < 𝑡∗.

In this case, if ‖𝜑‖ > 𝛾2+𝛾3
𝛾1

, then 𝑉̇ < 0. This means by (63) that ‖𝜑‖ is 
bounded. Otherwise, ‖𝜑‖ ≤ 𝛾2+𝛾3

𝛾1
. Based upon the above analysis, there 

holds ‖𝜑‖ < ∞, 𝑡 < 𝑡∗, under both ‖𝜌𝜑‖ < 1 and ‖𝜌𝜑‖ ≥ 1. This in turn 
implies by (21) and (22) that
|𝑧𝑖| ≤ 𝑘𝑖 − 𝑜𝑖 < 𝑘𝑖, 𝑖 = 3, 4, 𝑡 < 𝑡∗, (74)

where 𝑜𝑖 > 0 is a constant. Obviously, a contradiction between (28) and 
(45), (57) and (74) happens. Accordingly, (28) is impossible, and there 
holds

|𝑧𝑖(𝑡)| ≤ 𝑘𝑖(𝑡) − 𝑜𝑖 < 𝑘𝑖(𝑡), 𝑖 = 1, 2, 3, 4, 𝑡 ≥ 0. (75)

Obviously, (26) holds. By (25), the prescribed trajectory tracking per-
formance in (6) is established. Due to (75), one sees from (8), (13), 
(20) and (21) that 𝜑𝑖 ∈ ∞ and 𝜌𝑗 ∈ ∞, 𝑖 = 1, 2, 3, 4, 𝑗 = 3, 4. This 
guarantees 𝛼1 ∈ ∞ in (14), 𝛼2 ∈ ∞ in (15) and 𝒖 ∈ ∞ in (23) with 
(22). Further, by (16) and (17) with (26), we have 𝑣𝑖 ∈ ∞, 𝑖 = 1, 2. 
Based on (2) and Assumption  1, one gets 𝜏 ∈ ∞. □

5. Simulation study

In order to illustrate the theoretical result, a comparative simulation 
is conducted in this section.

5.1. Simulation setup

The WMR is modeled by (1) with the model parameters given 
by [19]. Let 𝑥(0) = 4.1355, 𝑦(0) = 3.9355, 𝜃(0) = 0.7584, 𝑣1(0) = 0 and 
𝑣2(0) = 0. The control task for the WMR is to track
(𝑥𝑑 , 𝑦𝑑 ) = (5 cos (0.1𝑡 + 0.25π) , 5 sin (0.1𝑡 + 0.25π)).

The desired transient and steady-state performance is prescribed by
𝑒(𝑡) < 𝑘(𝑡) = 0.98𝑒−0.3𝑡 + 0.02. (76)

The actuator PLOE faults are simulated by

ℎ1(𝑡) =
{

1, if 𝑡 < 20,
0.3 + 0.1 sin(𝑡), otherwise,

ℎ2(𝑡) =
{

1, if 𝑡 < 40,
0.4 − 0.1 cos(0.5𝑡), otherwise.

5.2. Effectiveness test

According to Theorem  1, a model-free control law is designed with 
𝜆1 = 𝜆2 = 5, 𝜆3 = 10 and
𝑘2(𝑡) = 0.8𝑒−0.3𝑡 + 0.1,

𝑘3(𝑡) = 𝑘4(𝑡) = 9.5𝑒−0.3𝑡 + 0.5.

Its application to the WMR yields the simulation results displayed in 
Figs.  2–8. One observes from Figs.  2 and 3 that the WMR tracks the 
target trajectory and the position error remains inside the preselected 
performance envelop. Therefore, the performance specification is met, 
in spite of the actuator faults in different phrases. Figs.  4 and 5 
show that both the virtual error and the intermediate errors fulfill 
their respective performance requirements. Figs.  7 and 8 exhibit the 
actuator PLOE faults and show that the control signals and the actuator 
outputs are both bounded. Similarly, the boundedness of the remaining 
state variables is depicted in Fig.  6. As predicted by Theorem  1, the 
simulation results validate the effectiveness of the designed controller.
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Fig. 2. The WMR path.

Fig. 3. The position error.

Fig. 4. The auxiliary variable.

5.3. Comparative simulation

On the purpose of comparison, a recent fault-tolerant PPC scheme 
is adopted [21] with the same control objective and under the same 
simulation condition. Its application to the WMR yields the simulation 
results in Figs.  9–13. One sees from Fig.  9 that the predefined transient 
78
Fig. 5. The intermediate errors.

Fig. 6. The WMR heading and the angular velocities.

Fig. 7. The input and output of the actuator.

and steady-state tracking performance is ensured, despite the actua-
tor faults. The similar performance guarantees hold for the auxiliary 
variable and the intermediate errors, as plotted in Figs.  10 and 11. 
However, careful inspection reveals that both the auxiliary variable 
and the intermediate errors fluctuate after 𝑡 = 40s, during which the 
two actuators fail. This leads to significant fluctuation behaviors of 
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Fig. 8. The input and output of the actuator.

Fig. 9. The position error by the comparative controller.

Fig. 10. The auxiliary variable by the comparative controller.

the control signals and the actuator outputs, as depicted in Figs.  12
and 13. Such phenomenon is undesirable or even prohibited in certain 
practical applications. Besides, through comparison with Figs.  7 and
8, it is found that the amplitudes of the control signals and actuator 
outputs by the comparative FTC law become larger. Accordingly, the 
comparative simulation results show the advantages of our controller.
79
Fig. 11. The intermediate errors by the comparative controller.

Fig. 12. The input and output of the actuator by the comparative controller.

Fig. 13. The input and output of the actuator by the comparative controller.

6. Conclusion

A novel mixed-gain adaption-based fault-tolerant prescribed perfor-
mance control approach for the differentially driven wheeled mobile 
robot (WMR) subject to partial loss of effectiveness of the actuated 
wheels is put forward in this paper. It steers the WMR to track the 
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reference trajectory with the predefined rate and accuracy even in 
the absence of strong controllability and in the presence of external 
disturbances and nonparametric uncertainties. The controller exhibits 
a significant low control amplitude than the conventional variable 
gain technique and a notable low complexity with no function ap-
proximation, disturbance estimation, parameter identification, or fault 
diagnosis. The simulation results validate the efficacy and superiority 
of the proposed approach. Future work will focus on the fault-tolerant 
high-performance control design for the unmanned aerial vehicles.
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