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 A B S T R A C T

This paper introduces time-synchronized convergence in fixed-time control, where all system states converge 
to the origin at the same time before a fixed time instant. Sufficient Lyapunov conditions are derived for 
fixed-time synchronized control (FTSC). An enhanced estimation method for synchronized settling time (ST) 
is proposed, with an explicit formula for its least upper bound (LUB), which reduces overestimation compared 
to existing methods. A switching-based technique is incorporated into the controller to avoid singularities 
while maintaining compatibility with the time-synchronized design. Simulation results validate the fixed-time 
synchronization properties and the improved ST estimation, demonstrating smoother output trajectories and 
reduced energy consumption.
1. Introduction

The temporal requirement is an important performance indicator for 
control technology. Finite-time control is presented in the literature, 
where system states are demanded to converge in a finite time [1,2]. 
The settling time (ST) of a finite-time control system naturally increases 
with the initial state. However, in many applications [3,4], the conver-
gence of the system is strictly required within some fixed time period. 
As a higher demand is proposed for the control system, fixed-time 
control is invented, whose ST is irrelevant to the initial system state [5]. 
With the proper calculation of the ST, engineers are able to stabilize the 
system within any expected set-point time value through correspond-
ingly designed control system parameters. The application of fixed-time 
control includes spacecraft rendezvous and docking operations [6], 
stabilization control of quantum systems [7], observer-based control 
of robot manipulators [8], event-triggered control of nonlinear sys-
tems [9], etc. Predefined/prescribed-time control, which is presented 
in recent works [10,11] and considered as a special extension of fixed-
time control where the ST is predefined/prescribed and the controller 
is constructed based on the given time.

Despite the fixed-time convergence, for some applications, system 
states are expected to reach their target values simultaneously. Con-
sidering a robotic hand, its fingertips are required to reach the target 
position and touch the target object simultaneously in the task of 
grasping slippery objects. In formation assembling tasks, fixed-wing 

vehicles should reach the desired formation state time-synchronously, 
otherwise, the very limited output space of the nonholonomic vehicle 
may lead to the failure of the assembling. Time synchronization of 
convergence is required for this kind of task. Moreover, time syn-
chronization of convergence brings significant merits to the whole 
operation [12], e.g., in multi-robot transport, multi-missile cooperative 
attack, and multi-satellite collaborative observation [6]. In the au-
thors’ recent approach [13,14], considering a single-integrator system, 
a distinctive finite-time controller is proposed for time-synchronized 
stability. However, it is designed for relatively simple system dynamics 
with accurate mathematical models, and deeper explorations of the 
fixed-time control case are not provided.

In Fixed-time control, settling time is one of the most important 
performance specifications. Accurate settling time is difficult to achieve 
due to various influences, such as nonlinear and un-certain system 
dynamics, ever-changing convergence rate, external disturbances, etc. 
Estimation methods are developed to find the least upper bound (LUB) 
of the ST. The method in [5] is used in the literature [3,15], whereas the 
bound calculated is found to be much overestimated. An integration-
based enhanced ST estimation method is presented in [16] to reduce 
the overestimation problem, however, it is designed only for the scalar 
state. The fixed-time-synchronized control (FTSC) differs from common 
fixed-time control on ST calculation. 
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Affine systems are widely used as the mathematical model of prac-
tical systems [17,18] and Lyapunov conditions have been presented for 
affine systems to obtain fixed-time convergence [5]. In affine systems, 
the nonlinear mapping from control input to system output can be well-
illustrated by affine equations. When the state is multi-dimensional, the 
control system should also be extended to the multi-variable case. Lots 
of good works have been proposed for such a purpose, the control input 
defined on the error vector [19], the multi-dimensional sliding surface 
where each dimension works for different state component [20], the 
sign function that couples every state dimension [21], to name a few. 
However, it is much more non-trivial when fixed-time-synchronized 
convergence (FTSC) is required for a system, in which the controller 
should be elegant enough to cooperate with different dimensions of the 
system and force all state elements to the origin simultaneously within 
a fixed time. Moreover, disturbances and uncertainties in the system 
further increase the difficulty of the controller design.

Motivated by the above, we aim to address the control problem of 
multi-variable systems under external disturbances, where all the state 
elements converge time-synchronously in a fixed time, i.e., at the same 
ST whose bound is independent of the initial state. The contributions 
are as follows.

First, this paper addresses the FSTC problem and presents some 
sufficient Lyapunov conditions to achieve fixed-time-synchronized sta-
bility. Such stability not only facilitates the time synchronization and 
ratio persistence properties of the system state, but also forces the 
target system to yield the shortest output trajectory, i.e., optimal in 
terms of the travel length. A second-order affine system with unknown 
disturbances is adopted as an example for the controller design, where 
a disturbance observer, a sliding manifold, and a switching control law 
are presented.

Second, this paper provides an enhanced settling time estimation for 
the FTSC of a system. The existing estimation method cannot be directly 
used for the fixed-time-synchronized control due to the special design of 
the norm-normalized sign function. The proposed synchronized settling 
time estimation is much less conservative compared with the existing 
upper bound estimation methods, which is verified by comparative 
analysis.

Last but important, based on the investigation in the present paper, 
the time-synchronization phenomenon can also be expected in some fi-
nite/fixed-time MIMO system control results with proper modifications, 
whose estimation of the LUB can be more accurate.

In the rest of the paper, we introduce some technical preliminaries 
(Section 2), present the main results for the least upper bound calcu-
lation (Section 3.1), the fixed-time disturbance observer (Section 3.2), 
the control design and analysis (Section 3.3) of fixed-time-synchronized 
convergence. Simulations and comparative studies are conducted in 
Section 4, where the merit of the proposed approach is demonstrated. 
In Section 5, pertinent conclusions are finally drawn. 

2. Technical preliminaries

We first recall the abbreviations in Table  1 for better clarity.
Table 1
Abbreviations.
 FTSC Fixed-time-synchronized convergence/control 
 FTSS Fixed-time-synchronized stable  
 LUB Least upper bound  
 ST Settling time  
 RP Ratio persistent  

Consider the affine system 

𝒙̇ = 𝑓 (𝒙) , (1)

where 𝒙 =
[

𝑥1,… , 𝑥𝑛
]T ∈ R𝑛 denotes the system state, and function 

𝑓 ∶  → R𝑛 is continuous with 𝑓 0 = 0.  ⊆ R𝑛 is an open set 
0 ( ) 0
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with the origin inside. The solution of the system (1) is assumed to be 
unique for all initial conditions. Let 𝒙(𝑡0) = 𝒙0 initially.

Next, we introduce the definitions and tools.

Lemma 1 ([16]). Given constant parameters 𝛼, 𝛽, 𝑝, 𝑔, 𝜒 > 0 with 𝑝𝜒 < 1
and 𝑔𝜒 > 1, the following equation holds

∫

+∞

0

d𝑥
(𝛼𝑥𝑝 + 𝛽𝑥𝑔)𝜒

=
𝐵
(

𝜔𝑝, 𝜔𝑔
)

𝛼𝜒−𝜔𝑝𝛽𝜔𝑝 (𝑔 − 𝑝)
,

where 𝜔𝑝 =
1−𝜒𝑝
𝑔−𝑝 , 𝜔𝑔 = 𝜒𝑔−1

𝑔−𝑝 , and the beta function 𝐵(⋅) can be referred to 
in [22].

Definition 1 ([13]). System (1) is fixed-time-synchronized stable (FTSS)
if (1) it is fixed-time stable, i.e., the bounded ST 𝑇 (𝒙0) < 𝑇𝑚 < ∞; 
(2) the state elements converge time-synchronously, i.e., 𝑥𝑖(𝑡) ≠ 0 and 
lim𝑡→𝑇

(

𝒙0
) 𝑥𝑖 (𝑡) = 0 for 𝑡 < 𝑇

(

𝒙0
)

; and 𝑥𝑖(𝑡) = 0 for 𝑡 ≥ 𝑇 (𝒙0); where 
𝑇
(

𝒙0
) is the synchronized settling time and 𝑇𝑚 > 0 is a constant. If 

the above properties hold for any initial states, the system is globally 
time-synchronized stable.

Definition 2 ([13]). The state 𝒙 is said to be ratio persistent (RP), if for 
any state elements 𝑥𝑖 (𝑡) , 𝑥𝑗 (𝑡) ≠ 0, and 𝑖 ≠ 𝑗, we have 𝑥𝑖 (𝑡) ∕𝑥𝑗 (𝑡) = 𝑐𝑖𝑗 , 
where 𝑐𝑖𝑗 is a non-zero constant. 

Lemma 2 ([13]). The state 𝒙 of system (1) is RP if for 𝒙 ≠ 0 and 
𝜁 ∈ {1,−1},
𝒙

‖𝒙‖
= 𝜁

𝑓 (𝒙)
‖𝑓 (𝒙)‖

.

The classical sign function widely used in the literature is written 
with the subscript ‘c’,

signc
(

𝑥𝑖
)

=

⎧

⎪

⎨

⎪

⎩

+1, 𝑥𝑖 > 0,
0, 𝑥𝑖 = 0,
−1, 𝑥𝑖 < 0,

(2)

signc (𝒙) =
[

signc
(

𝑥1
)

,… , signc
(

𝑥𝑛
)]T, (3)

sig𝛼c (𝒙) =
[

signc
(

𝑥1
)

|

|

𝑥1||
𝛼 ,… , signc

(

𝑥𝑛
)

|

|

𝑥𝑛||
𝛼]T. (4)

In this paper, the above formulations are normalized and written 
with subscript ‘n’.

Definition 3 ([13]). The norm-normalized sign function and its exponen-
tial form of vector 𝒙 are defined as

signn (𝒙) ≜

{ 𝒙
‖𝒙‖ , 𝒙 ≠ 0,
0, 𝑥 = 0,

(5)

sig𝛼n (𝒙) ≜ ‖𝒙‖𝛼signn (𝒙) . (6)

A second-order system is considered for the design of a fixed-time-
synchronized controller,
𝒙̇1 = 𝒙2,

𝒙̇2 = 𝒇 0
(

𝒙1,𝒙2
)

+𝑮0
(

𝒙1,𝒙2
)

𝒖 + 𝛥, (7)

where 𝒙1 and 𝒙2 are system states with 𝑛 dimensions. For a motion sys-
tem, 𝒙1 can be regarded as a general position vector and 𝒙2 can be taken 
as a velocity vector. The functions 𝒇 0 (𝒙) and 𝑮0 (𝒙) ≠ 0 are known 
portions, and 𝛥 denotes the 𝑛-dimensional disturbance/uncertainty in 
the system.

The control objective is to achieve fixed-time-synchronized conver-
gence of System (7) under external disturbance, and present the settling 
time estimation for the system. 

Assumption 1.  The initial value, 𝛥(0) is bounded within the known 
constant 𝜎, namely ‖𝛥(0)‖ ≤ 𝜎. The derivative, 𝛥̇ is bounded within the 
known constant 𝛿, namely ‖𝛥̇‖ ≤ 𝛿.
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Remark 1.  The assumption above is mild in terms of disturbances and 
commonly used in the literature, e.g., in [19,23]. With bounded 𝛥(0)
and 𝛥̇, 𝛥(𝑡) is bounded in finite time.

3. Main results

3.1. Settling time for fixed-time-synchronized stability

Inspired by [5], the following definition is presented for the syn-
chronized ST.

Definition 4.  If system (1) is FTSS, parameters 𝛼, 𝛽, 𝑝, 𝑔, 𝜒 are positive, 
𝑝𝜒 < 1, 𝑔𝜒 > 1, the LUB of its synchronized ST satisfies 

𝑇least = sup
𝒙0∈R𝑛 ∫

𝑉 (𝒙0)

0
d𝑉 (𝒙)∕(𝛼𝑉 𝑝(𝒙) + 𝛽𝑉 𝑔(𝒙))𝜒 . (8)

Remark 2.  In [5], a system is defined as fixed-time stable if its 
Lyapunov derivative satisfies 𝑉̇ (𝒙) ≤ −(𝛼𝑉 𝑝(𝒙) + 𝛽𝑉 𝑔(𝒙))𝜒 . Integrating 
both sides of this formula, an upper bound 𝑇 (𝒙0) can be calculated 
under the initial state 𝑥0. The above definition can be used for any 
finite/fixed-time system that satisfies the Lyapunov condition, whereas 
it is more appropriate to be defined for a time-synchronized system 
since every state dimension shares the same ST.

With Definition  4, the following theorem is proposed to guide the 
controller design and the ST estimation.

Theorem 1.  A system with state 𝑥 achieves the FTSC, and the ST has the 
following LUB 
𝑇least = 𝛾 (𝛼, 𝛽, 𝑝, 𝑔, 𝜒) , (9)

if the two conditions are satisfied:
i. A Lyapunov function 𝑉 (𝒙) can be found with the first-order derivative 

𝑉̇ (𝒙) ≤ −(𝛼𝑉 𝑝(𝒙) + 𝛽𝑉 𝑔(𝒙))𝜒 , (10)

where 𝛼, 𝛽, 𝑝, 𝑔, 𝜒 > 0, 𝑝𝜒 < 1 and 𝑔𝜒 > 1.
ii. The state 𝒙 is RP.

Moreover, if the above two conditions hold with ‖
‖

𝒙0‖‖ → +∞, the synchro-
nized ST has an accurate value
𝑇 (𝒙0) = 𝑇least .

Proof.  First, system (1) will be proved as fixed-time stable, namely for 
∀𝒙0, 𝒙(𝑡) = 0 for 𝑡 > 𝑇

(

𝒙0
)

. From the condition of fixed-time stability 
in [5] and noticing (10), we have

− d𝑉 (𝒙)∕(𝛼𝑉 𝑝(𝒙) + 𝛽𝑉 𝑔(𝒙))𝜒 ≥ d𝑡, (11)

∫

𝑉 (𝒙0)

0
d𝑉 (𝒙)∕(𝛼𝑉 𝑝(𝒙) + 𝛽𝑉 𝑔(𝒙))𝜒 ≥ ∫

𝑇
(

𝒙0
)

0
d𝑡

= 𝑇 (𝒙0).

Since 𝑉 (𝒙0) is monotonically increasing with ‖𝒙0‖, 𝑇 (𝒙0) = 𝑇least is 
the LUB when ‖𝒙0‖ → +∞. From Lemma  1, it follows that

sup
𝒙0∈R𝑛 ∫

𝑉
(

𝒙0
)

0
d𝑉 (𝒙)∕(𝛼𝑉 𝑝(𝒙) + 𝛽𝑉 𝑔(𝒙))𝜒

=
𝐵
(

𝜔𝑝, 𝜔𝑔
)

𝛼𝜒−𝜔𝑝𝛽𝜔𝑝 (𝑔 − 𝑝)
= 𝛾(𝛼, 𝛽, 𝑝, 𝑔, 𝜒). (12)

Therefore, according to Definition  4, the synchronized ST has the 
LUB of 𝑇least = 𝛾(𝛼, 𝛽, 𝑝, 𝑔, 𝜒).

Next, the time-synchronized feature will be shown by using the ratio 
persistence condition. This part will be proved by contradiction.

Assume there exist two state elements 𝑥𝑖 and 𝑥𝑗 that converge sepa-
rately. Without loss of generality, denote their ST as 𝑇 , 𝑇 , respectively, 
𝑖 𝑗
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with 𝑖 ≠ 𝑗 and 𝑇𝑗 > 𝑇𝑖. It indicates that 𝑥𝑖 reaches the equilibrium 
earlier than 𝑥𝑗 . Since 𝑥𝑖 and 𝑥𝑗 are RP, according to Lemma  2,
lim𝑡↑𝑇𝑖𝑥𝑖 (𝑡) = 𝑐𝑖𝑗 lim𝑡↑𝑇𝑖𝑥𝑗 (𝑡) ,

where 𝑐𝑖𝑗 is a non-zero constant parameter. 𝑇𝑖 is the ST of 𝑥𝑖 and 
lim𝑡↑𝑇𝑖 𝑥𝑖 (𝑡) = 0, which yields
𝑐𝑖𝑗 lim𝑡↑𝑇𝑖𝑥𝑗 (𝑡) = 0.

The continuous of the system (1) leads to 𝑥𝑗
(

𝑇𝑖
)

= 0. It contradicts that 
𝑥𝑗 does not reach zero at 𝑇𝑖. Therefore the ST of each state element is 
synchronized.

Remark 3.  In comparison to the conventional fixed-time stability [24,
25], the theorem emphasizes the time synchronization property of 
the convergence, where ratio persistence is required as the mathe-
matical foundation. Compared with the conventional ST estimation, 
especially with the method in [16] that inspires the proposed esti-
mation, the theorem reformulates it as a Lyapunov condition that 
fits the vector case. Moreover, the LUB presented in the theorem is 
specifically calculated for the FTSC and cannot be directly used in 
classical sign-function-based fixed-time controllers.

3.2. Disturbance observer for fixed-time-synchronized control

Inspired by [26–28], a disturbance observer is designed, which 
converges to the true value in a fixed time.

𝒛̇0 = − 𝑘1sig
1
2
c
(

𝒛̃0
)

− 𝑘2sig
𝜆
c
(

𝒛̃0
)

+ 𝒇 0 +𝑮0𝒖 + 𝒛1,

𝒛̇1 = − 𝑘3signc
(

𝒛̃0
)

, (13)

where 𝜆 > 1 is a constant parameter, 𝑘𝑖 > 0 with 𝑖 = 1, 2, 3, 𝒛0 and 𝒛1
are the estimated vector of system state 𝒙2 and the unknown external 
disturbance 𝛥, respectively. The observation error of the second-order 
state is defined as 𝒛̃0 = 𝒛0 −𝒙2 and the disturbance observation error is 
constructed as 𝒛̃1 = 𝒛1 − 𝛥.

Theorem 2.  Considering the system (7) and the disturbance observer 
(13), under Assumption  1, 𝒛̃0 and 𝒛̃1 converge to zero within the following 
enhanced time-bound 

𝑇𝑜𝑏≤𝛾𝑜𝑏+
𝜎 +𝑀𝛾𝑜𝑏

(

1−𝑀ℎ∕𝑘1
)

𝑚
+ 𝜎
𝑚
, (14)

where ℎ, 𝑀 , 𝑚 and 𝛾𝑜𝑏 have the forms

ℎ = 1
𝑘1

+
(

2𝑒
𝑚𝑘1

)
1
3
, 𝑀 = 𝑘3 + 𝛿,

𝛾𝑜𝑏 = 𝛾
(

2𝑘1, 2𝑘2,
3
4
, 1 + 𝜆

2
, 1
)

, 𝑚 = 𝑘3 − 𝛿, (15)

and the following inequalities hold: 
𝑘3 > 𝛿, 𝑘1 > 𝑀ℎ. (16)

Proof.  From (13), the error dynamics is further derived

̇̃𝒛0 = − 𝑘1sig
1
2
c
(

𝒛̃0
)

− 𝑘2sig
𝜆
c
(

𝒛̃0
)

+ 𝒛̃1,

̇̃𝒛1 = − 𝑘3signc
(

𝒛̃0
)

− 𝛥̇. (17)

The bound in (14) is calculated by considering the following two 
situations:

Case 1: For every element 𝑖, 𝑖 = 1,… , 𝑛, signc(𝑧̃1,𝑖(0)) = 0 or 
signc(𝑧̃1,𝑖(0)) = −signc(𝑧̃0,𝑖(0)).

Construct the Lyapunov function 𝑉𝑜𝑏 = 𝒛̃T0 𝒛̃0 with the following 
derivative

𝑉̇𝑜𝑏 = −2𝑘1𝒛̃T0 sig
1
2
𝑐
(

𝒛̃0
)

− 2𝑘2𝒛̃T0 sig
𝜆
𝑐
(

𝒛̃0
)

+ 2𝒛̃T0 𝒛̃1.
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In this case, each element signc(𝑧̃1,𝑖) has either the opposite sign with 
respect to signc(𝑧̃0,𝑖) or the zero value, which leads to 𝒛̃T0 𝒛̃1 ≤ 0. Define 
𝑉𝑜𝑏,𝑖 = 𝑧̃20,𝑖 for 𝑖 = 1,… , 𝑖, where 𝑧̃0,𝑖 is the 𝑖th element of 𝒛̃0. Therefore 
we have

𝑉̇𝑜𝑏,𝑖 ≤ −2𝑘1𝑧̃0,𝑖sig
1
2
𝑐
(

𝑧̃0,𝑖
)

− 2𝑘2𝑧̃0,𝑖sig
𝜆
𝑐
(

𝑧̃0,𝑖
)

= −2𝑘1𝑉
3
4

𝑜𝑏,𝑖 − 2𝑘2𝑉
1+𝜆
2

𝑜𝑏,𝑖 .

The above equation has the same structure as (10) with 𝜒 = 1, 𝛼 =
2𝑘1, 𝛽 = 2𝑘2, 𝑝 = 3∕4 and 𝑔 = (1 + 𝜆∕2). Following (11)–(12), 𝑧̃0,𝑖 is 
fixed-time stable for 𝑖 = 1, 2,… , 𝑛, and the ST has the following LUB, 

𝑇𝑜𝑏1 ≤ 𝛾𝑜𝑏 = 𝛾
(

2𝑘1, 2𝑘2,
3
4
, 1 + 𝜆

2
, 1
)

. (18)

In the case of ‖
‖

𝒛̃0 (0)‖‖ → +∞, we have 𝑇𝑜𝑏1 = 𝛾𝑜𝑏.
When 𝑡 = 𝑇𝑜𝑏1, 𝑧̃1,𝑖(𝑇𝑜𝑏1) is bounded as

|

|

𝑧̃1,𝑖(𝑇𝑜𝑏1)|| ≤ 𝜎 +𝑀𝑇𝑜𝑏1.

Considering 𝑡 > 𝑇𝑜𝑏1, 𝑧̃1,𝑖(𝑇𝑜𝑏1) starts at (0, 𝜎 +𝑀𝑇𝑜𝑏1) for 𝑖 = 1,… , 𝑖. 
Following Theorem 4.5 in [27] and the derivations in [26], with the 
condition of 𝑀ℎ∕𝑘1 < 1, the ST of 𝑧̃1,𝑖(𝑇𝑜𝑏1) is bounded as 

𝑇𝑜𝑏2 ≤
𝜎+𝑀𝑇𝑜𝑏1

(

1 −𝑀ℎ∕𝑘1
)

𝑚
. (19)

Therefore the ST of the disturbance observer (13) is bounded by

𝑇 (1)
𝑜𝑏 ≤ 𝑇𝑜𝑏1 + 𝑇𝑜𝑏2 ≤ 𝛾𝑜𝑏 +

𝜎 +𝑀𝛾𝑜𝑏
(

1 −𝑀ℎ∕𝑘1
)

𝑚
.

Case 2: There exist an element 𝑖, 𝑖 = 1,… , 𝑛, such that signc(𝑧̃1,𝑖(0)) =
signc(𝑧̃0,𝑖(0)).

We consider the case that there exists a dimension that signc(𝒛̃1(0))
and signc(𝒛̃0(0)) have the same sign, and 𝑧̃0,𝑖 cannot reach zero before 
signc(𝑧̃1,𝑖) = −signc(𝑧̃0,𝑖). Thus 𝑧̃1,𝑖 converges before 𝑧̃0,𝑖. From (17), we 
can derive that 𝑧̃1,𝑖 arrives at the origin within
𝑇𝑜𝑏0 ≤

𝜎
𝑚
.

Next, when 𝑡 ≥ 𝑇𝑜𝑏0, we have signn(𝑧̃1(𝑇𝑜𝑏0)) = 0 or for 𝑖 = 1,… , 𝑛, 
signc(𝑧̃1,𝑖(𝑇𝑜𝑏0)) = −signc(𝑧̃0,𝑖(𝑇𝑜𝑏0)), which has been discussed in Case 1. 
Repeat the derivation in Case 1, 𝑇𝑜𝑏1 in (18) becomes
𝑇 ∗
𝑜𝑏1 = 𝑇𝑜𝑏0 + 𝑇𝑜𝑏1.

Then, the original 𝑇𝑜𝑏2 in (19) becomes

𝑇 ∗
𝑜𝑏2 ≤

𝑀𝛾𝑜𝑏
(

1 −𝑀ℎ∕𝑘1
)

𝑚
.

The overall ST in this case takes the form
𝑇 (2)
𝑜𝑏 ≤ 𝑇 ∗

𝑜𝑏1 + 𝑇 ∗
𝑜𝑏2

=

(

1 + 1
(

1∕𝑀 − ℎ∕𝑘1
)

𝑚

)

𝛾𝑜𝑏 +
𝜎
𝑚
.

Case 3: There exist an element 𝑖, 𝑖 = 1,… , 𝑛, such that signc(𝑧̃1,𝑖(0)) ≠
0 and 𝑧̃0,𝑖(0) = 0.

In this situation, we have 

sig
1
2
c
(

𝑧̃0,𝑖
)

= sig𝜆c
(

𝑧̃0,𝑖
)

= 0, (20)

which leads to 
̇̃𝑧0,𝑖 = 𝑧̇0,𝑖 − 𝑥̇2,𝑖 = 𝑓0,𝑖 +

[

𝑔0𝑢
]

𝑖 + 𝑧1,𝑖 − 𝑥̇2,𝑖, (21)

where [𝑔0𝑢
]

𝑖 indicates the 𝑖th dimension of 𝑔0𝑢. Substitute the formula-
tion of 𝑥̇2 into the above equation yields 
̇̃𝑧0,𝑖 = 𝑧1,𝑖 − 𝛥𝑖 = 𝑧̃1,𝑖. (22)

Recall that in this case signc(𝑧̃1,𝑖) ≠ 0, which leads to ̇̃𝑧0,𝑖 ≠ 0. Thus, 
𝑧̃0,𝑖(0) = 0 is a short enough transient process and it becomes Case 1 or 
Case 2 within 𝑇𝑜𝑏(3) → 0.

From 𝑇 (1)
𝑜𝑏 , 𝑇

(2)
𝑜𝑏  and 𝑇 (3)

𝑜𝑏 , the enhanced ST is 

𝑇𝑜𝑏 ≤ 𝛾𝑜𝑏 +
𝜎 +

𝜎 +𝑀𝛾𝑜𝑏
( ) . (23)
𝑚 1 −𝑀ℎ∕𝑘1 𝑚
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Remark 4.  In comparison to the super-twisting-based ST estimation 
in [26–28], Theorem  2 presents an enhanced ST estimation that consists 
of several stabilizing stages. Moreover, in some of the estimation meth-
ods, e.g., in [29], the observed disturbance/uncertainty 𝒛̃1 is required 
to be zero initially, whereas 𝒛̃1(0) is allowed to be any finite value in 
Theorem  2. 

3.3. Fixed-time-synchronized controller design and convergence analysis

On the basis of the proposed observer (13), we can design the 
controller for system (7).

Consider the sliding-mode manifold, 
𝒔 = 𝒙2 + 𝛼1sig

𝑝1
n
(

𝒙1
)

+ 𝛽1sig
𝑔1
n
(

𝒙1
)

, (24)

where 𝛼1, 𝛽1, 𝑝1 and 𝑔1 are positive constants, 0 < 𝑝1 = 𝑝∗1∕𝑝
∗
2 < 1 and 

𝑔1 = 𝑔∗1∕𝑔
∗
2 > 1. 𝑝∗1, 𝑝∗2, 𝑔∗1 and 𝑔∗2 are positive odd integers. In accordance 

with (24), the following result are presented.

Lemma 3.  For the sliding variable (24), when the sliding manifold stables 
with 𝒔 = 0, the system state 𝒙1 in system (7) is RP and the system is FTSS. 
Moreover, its synchronized settling time has the following LUB,
𝑇least = 𝛾

(

𝛼1, 𝛽1, 𝑝1, 𝑔1, 1
)

.

Proof.  After the sliding manifold surface converges to 𝑠 = 0, 
𝒙2 = −𝛼1sig

𝑝1
n
(

𝒙1
)

− 𝛽1sig
𝑔1
n
(

𝒙1
)

. (25)

Recall that 𝒙̇1 = 𝒙2,

𝒙̇1
‖𝒙̇1‖

=
−
(

𝛼1‖𝒙1‖𝑝1 + 𝛽1‖𝒙1‖𝑔1
)

signn
(

𝒙1
)

‖

‖

‖

−
(

𝛼1‖𝒙1‖𝑝1 + 𝛽1‖𝒙1‖𝑔1
)

signn
(

𝒙1
)

‖

‖

‖

= −
signn

(

𝒙1
)

‖signn
(

𝒙1
)

‖

= −
𝒙1

‖𝒙1‖
. (26)

From Definition  2, 𝒙1 is RP.
Consider a Lyapunov candidate 𝑉 = 𝒙T1𝒙1 with the following 

derivative

𝑉̇ = 2𝒙T1𝒙2 = −2𝛼1𝒙T1 sig
𝑝1
n (𝒙1) − 2𝛽1𝒙T1 sig

𝑔1
n (𝒙1).

From Definition  3, the above equation becomes
𝑉̇ = −2𝛼1𝒙T1𝒙1‖𝒙1‖

𝑝1−1 − 2𝛽1𝒙T1𝒙1‖𝒙1‖
𝑔1−1

= −2𝛼1‖𝒙1‖𝑝1+1 − 2𝛽1‖𝒙1‖𝑔1+1, (27)

where ‖𝒙1‖ =
√

𝑉 , therefore

𝑉̇ = −2𝛼1𝑉
1+𝑝1
2 − 2𝛽1𝑉

1+𝑔1
2 .

From Theorem  1, FTSS is achieved and the synchronized ST has the 
following LUB,

𝑇least = 𝛾
(

2𝛼1, 2𝛽1,
1 + 𝑝1

2
,
1 + 𝑔1

2
, 1
)

.

The proof finishes here.
The possible singularity problem may be caused by the FTSC de-

signed directly on (24). It happens at 𝑥1, 𝑥2 → 0. The controller should 
be designed to be singularity-free. For such a purpose, the switching 
technique is adopted and the sliding mode manifold is modified to 
switch according to different situations. The modified controller is 
formulated as 
𝒖 = −𝑮−1

0
(

𝛼2sig
𝑝2
n (𝒔) + 𝛽2sig

𝑔2
n (𝒔) + 𝒔̇𝑠 + 𝒇 0 + 𝒛1

)

, (28)

where 𝑝2 = 𝑝∗3∕𝑝
∗
4 ∈ (0, 1) and 𝑔2 = 𝑔∗3∕𝑔

∗
4 ∈ (1,+∞), 𝑝∗3, 𝑝∗4, 𝑔∗3 and 𝑔∗4

are positive odd integers.

𝒔𝑠 =

⎧

⎪

⎪

⎨

⎪

⎪

𝛼1sig
𝑝1
n
(

𝒙1
)

+ 𝛽1sig
𝑔1
n
(

𝒙1
)

,
if 𝒔∗ = 0 or 𝒔∗ ≠ 0, ‖

‖

𝒙1‖‖ > 𝜀,
𝑙1𝒙1 + 𝑙2sig4n(𝒙1),

if 𝒔∗ ≠ 0, ‖
‖

𝒙1‖‖ ≤ 𝜀,

(29)
⎩
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𝒔̇𝑠 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜌1𝒙1𝒙T1𝒙2 + 𝜌2𝒙2,
if 𝒔∗ = 0 or 𝒔∗ ≠ 0, ‖

‖

𝒙1‖‖ > 𝜀,
𝑙1𝒙2 + 3𝑙2 ‖‖𝒙1‖‖𝒙1𝒙T1𝒙2 + 𝑙2‖‖𝒙1‖‖

3𝒙2,
if 𝒔∗ ≠ 0, ‖

‖

𝒙1‖‖ ≤ 𝜀,

(30)

In (28), the switching sliding variable is constructed by using a 
switching law 𝒔𝑠, 
𝒔 = 𝒙2 + 𝒔𝑠. (31)

where 𝒙2 is the system state. The derivative of 𝒔𝑠 is presented in (29) 
and (30), where 𝜀 is a positive constant small enough and 𝒔∗ is the 
trigger variable for the switching law, 
𝒔∗ = 𝒙2 + 𝛼1sig

𝑝1
n
(

𝒙1
)

+ 𝛽1sig
𝑔1
n
(

𝒙1
)

, (32)

variables 𝜌1 and 𝜌2 are formulated as
𝜌1 = 𝛼1

(

𝑝1 − 1
)

‖

‖

𝒙1‖‖
𝑝1−3 + 𝛽1

(

𝑔1 − 1
)

‖

‖

𝒙1‖‖
𝑔1−3, (33)

𝜌2 = 𝛼1‖‖𝒙1‖‖
𝑝1−1 + 𝛽1‖‖𝒙1‖‖

𝑔1−1, (34)

and constants 𝑙1 and 𝑙2 take the following forms

𝑙1=𝛼1
( 4
3
−
𝑝1
3

)

‖𝜀‖𝑝1−1+𝛽1
( 4
3
−
𝑔1
3

)

‖𝜀‖𝑔1−1, (35)

𝑙2=𝛼1
( 𝑝1
3
− 1
3

)

‖𝜀‖𝑝1−4+𝛽1
( 𝑔1
3
− 1
3

)

‖𝜀‖𝑔1−4, (36)

where 𝑝1 and 𝑔1 are re-written as
1
2
< 𝑝1 = 𝑝∗1∕𝑝

∗
2 < 1, 1 < 𝑔1 = 𝑔∗1∕𝑔

∗
2 < 4,

where 𝑝∗1, 𝑝∗2, 𝑔∗1 and 𝑔∗2 are positive odd integers. The rationale of the 
parameter ranges can be found later in the proof of Theorem  4.

It can be verified that 𝑙1 and 𝑙2 are the critical designs to guarantee 
that 𝒔𝑠 (29) and 𝒔̇𝑠 (30) are continuous. Thus we have the following 
theorem.

Theorem 3.  Consider system (7) under Assumption  1, by designing the 
disturbance observer as in (13) and the control law as in (28), the sliding-
mode variable 𝒔 in (31) keeps a persistent ratio when 𝒛̃1 = 0, 𝒙 is RP when 
𝒔 = 0 and the system is FTSS with the settling time bounded by 
𝑇𝑐 ≤ 𝑇𝑜𝑏 + 𝛾𝑐1 + 𝛾𝑐2, (37)

where 𝑇𝑜𝑏 is present in (14), 𝛾𝑐1 and 𝛾𝑐2 are gamma functions defined as

𝛾𝑐1 = 𝛾
(

2𝛼1, 2𝛽1,
1 + 𝑝1

2
,
1 + 𝑔1

2
, 1
)

,

𝛾𝑐2 = 𝛾
(

2𝛼2, 2𝛽2,
1 + 𝑝2

2
,
1 + 𝑔2

2
, 1
)

.

Proof.  The proof will be conducted at 𝑡 ≥ 𝑇𝑜𝑏, where 𝑇𝑜𝑏 is the 
enhanced ST for the disturbance observer. When 𝑡 ≥ 𝑇𝑜𝑏, 𝒛̃1 = 0
according to Theorem  2, leading to 𝒛1 = 𝛥.

A Lyapunov candidate 𝑉𝑐2 = 𝒔T𝒔 is considered in this stage, where
𝒔̇ = 𝒙̇2 + 𝒔̇𝑠 = 𝒇 0

(

𝒙1,𝒙2
)

+𝑮0
(

𝒙1,𝒙2
)

𝒖 + 𝛥 + 𝒔̇𝑠.

Substituting (28) into the above equation,
𝒔̇ = −𝛼2sig

𝑝2
n (𝒔) − 𝛽2sig

𝑔2
n (𝒔) − 𝒛1 + 𝛥

= −𝛼2sig
𝑝2
n (𝒔) − 𝛽2sig

𝑔2
n (𝒔),

therefore we have
𝒔̇

‖𝒔̇‖
= −

𝛼2sig
𝑝2
n (𝒔) + 𝛽2sig

𝑔2
n (𝒔)

‖𝛼2sig
𝑝2
n (𝒔) + 𝛽2sig

𝑔2
n (𝒔)‖

.

Since sig𝛼n (𝒔) = ‖𝒔‖𝛼 signn(𝒔),

𝒔̇
‖𝒔̇‖

= −
(𝛼2‖𝒔‖𝑝2 + 𝛽2‖𝒔‖𝑔2 ) signn(𝒔)

‖(𝛼2‖𝒔‖𝑝2 + 𝛽2‖𝒔‖𝑔2 ) signn(𝒔)‖

= −
signn(𝒔)

‖ signn(𝒔)‖
= − 𝒔

‖𝒔‖
,
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indicating that 𝒔 is RP when 𝑡 ≥ 𝑇𝑜𝑏. Moreover, 𝑉̇𝑐2 becomes
𝑉̇𝑐2 = 2𝒔T

(

−𝛼2sig
𝑝2
n (𝒔) − 𝛽2sig

𝑔2
n (𝒔)

)

= −2𝛼2𝑉
1+𝑝2
2

𝑐2 − 2𝛽2𝑉
1+𝑔2
2

𝑐2 ,

therefore 𝒔 is FTSS and the synchronized ST has the following LUB, 

𝑇𝑐2 ≤ 𝛾𝑐2 = 𝛾
(

2𝛼2, 2𝛽2,
1 + 𝑝2

2
,
1 + 𝑔2

2
, 1
)

. (38)

The above process can be understood as a stage which the observer 
has converged to the true value and the sliding manifold 𝒔 is approach-
ing its equilibrium. When 𝑡 ≥ 𝑇𝑜𝑏 + 𝑇𝑐2, the sliding manifold 𝒔 keeps 
zero. Since 𝒔 = 𝒙2 + 𝒔𝑠, we can obtain

𝒙2 = −𝒔𝑠 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−𝛼1sig
𝑝1
n
(

𝒙1
)

− 𝛽1sig
𝑔1
n
(

𝒙1
)

,
if 𝒔∗ = 0 or 𝒔∗ ≠ 0, ‖

‖

𝒙1‖‖ > 𝜀,
−𝑙1𝒙1 − 𝑙2sig4n(𝒙1),

if 𝒔∗ ≠ 0, ‖
‖

𝒙1‖‖ ≤ 𝜀.

Similar to the analysis of 𝒔, the above equation indicates that the state 
𝒙1 is RP.

By using Lemma  3 and the ratio persistence property, the FTSS of 
the state 𝒙1 can be guaranteed, and the enhanced synchronized ST for 
𝒙1 to converge along 𝒔 = 0 can be written as 

𝑇𝑐1 ≤ 𝛾𝑐1 = 𝛾
(

2𝛼1, 2𝛽1,
1 + 𝑝1

2
,
1 + 𝑔1

2
, 1
)

. (39)

Thus, for the disturbed system (24), the overall enhanced synchro-
nized setting time of 𝒙1 takes the form 
𝑇𝑐 ≤ 𝑇𝑜𝑏 + 𝑇𝑐1 + 𝑇𝑐2, (40)

thus the proof ends.

Remark 5.  Note that 𝑇𝑜𝑏 + 𝑇𝑐1 + 𝑇𝑐2 calculated in (37) is not the 
LUB of 𝑇𝑐 . It has a different form with the 𝑇least in Definition  4. More 
accurately speaking, it is regarded as the enhanced estimation for 𝑇𝑐 . 
The calculated 𝑇𝑐 in (37) consists of three parts, namely 𝑇𝑜𝑏, 𝑇𝑐1 and 
𝑇𝑐2, which are the LUBs for different stages of the stabilizing process. 
In the estimations of 𝑇𝑐1 and 𝑇𝑐2, the derivatives of the Lyapunov 
functions appear as equations instead of relaxed inequations due to 
the specific property of the time-synchronized stability. Therefore, (37) 
is less overestimated than its counterparts in conventional fixed-time 
control results. The comparison between the proposed estimation and 
the conventional estimation will be further conducted and analyzed in 
the simulation part.

The singularity-free property of the controller (28) is demonstrated 
below.

Theorem 4.  The possible singularity problem of system (7) is avoided 
under the controller (28) and the switching sliding manifold (31).

Proof.  The analysis is conducted in three cases:
(1) ‖

‖

𝒙1‖‖ > 𝜀, where no singularity exists obviously.
(2) ‖

‖

𝒙1‖‖ ≤ 𝜀, 𝒔∗ ≠ 0, where the sliding-mode manifold (31) becomes 
generalized according to the switching law (29) and no singularity 
occurs apparently.

(3) ‖
‖

𝒙1‖‖ ≤ 𝜀, 𝒔∗ = 0, from (28) and (29), it yields 
𝒖 = −𝑮−1

0
(

𝛼2sig
𝑝2
n (𝒔) + 𝛽2sig

𝑔2
n (𝒔) + 𝒇 0 + 𝐽 (𝒙1)

)

, (41)

where 𝐽 (𝑥1) is defined by
𝐽 (𝒙1) =𝛼1𝜌1𝒙1𝒙T1 sig

𝑝1
n
(

𝒙1
)

+ 𝛽1𝜌1𝒙1𝒙T1 sig
𝑔1
n
(

𝒙1
)

+𝛼1𝜌2sig
𝑝1
n
(

𝒙1
)

+ 𝛽1𝜌2sig
𝑔1
n
(

𝒙1
)

. (42)

Substituting 𝜌1 and 𝜌2 (introduced in (33)–(34)) into (42) and noticing 
𝒙1𝒙T1 sig

𝑝1
n
(

𝒙1
)

= sig𝑝1+2n
(

𝒙1
)

, we have

𝐽 (𝒙 ) =𝛼2𝑝 sig2𝑝1−1
(

𝒙
)

+ 𝛽2𝑔 sig2𝑔1−1
(

𝒙
)

1 1 1 n 1 1 1 n 1
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+𝛼1𝛽1
(

𝑝1+𝑔1
)

sig𝑝1+𝑔1−1n
(

𝒙1
)

. (43)

Since 12 < 𝑝1 < 1 and 𝑔1 > 1, the singularity is avoided.

Remark 6.  For (29), the sliding manifold 𝒔𝑠 = 𝑙1𝒙1 + 𝑙2sig4n(𝒙1) only 
works at 𝒔∗ ≠ 0 and ‖

‖

𝒙1‖‖ ≤ 𝜀. When a small enough value is selected 
for 𝜀, the trajectory of the system state 𝒙1 will be governed by 𝒔𝑠 =
𝛼1 sig

𝑝1
n
(

𝒙1
)

+ 𝛽1 sig
𝑔1
n
(

𝒙1
) instead of 𝒔𝑠 = 𝑙1𝒙1 + 𝑙2sig4n(𝒙1). Although 

𝒔𝑠 = 𝑙1𝒙1 + 𝑙2sig4n(𝒙1) does not work much with a small enough 𝜀, the 
convergence property of this situation can still be analyzed.

Remark 7.  Many useful methods have been presented for the sin-
gularity problem, among which the switching sliding-mode manifold 
is proved to be quite effective. The sliding manifold (31) is inspired 
by [30], where a switching law is adopted for the avoidance of the sin-
gularity problem. The switching manifold has been used in spacecraft 
attitude tracking [31,32], however, it is not applicable to sign(⋅)𝛼 due to 
its special design for the classical sign function. The proposed switching 
manifold is designed based on signn(𝒙1) and each element in vector 𝒙1
is considered in (29). To summarize, this approach extends the scalar 
formulation of the super-twisting sliding mode surface to a generalized 
multi-dimensional case by using the norm-normalized sign function, 
thus the controller design and convergence analysis procedures differ 
from the existing results significantly. The proposed switching law (29) 
is newly designed with a different structure, its contribution lies in both 
avoiding the singularity point and achieving FTSC. 

4. Comparative simulations

In the simulations, the proposed controller (28) is examined to 
verify its FTSC property and the enhanced estimation. Firstly, the con-
trol law (28) is modified to be non-synchronized for a comprehensive 
comparison.

Lemma 4.  Considering the system (7), by using the disturbance observer 
(13) and the following control law 
𝒖̄ = −𝑮−1

0
(

𝛼2sig
𝑝2
c (𝒔̄) + 𝛽2sig

𝑔2
c (𝒔̄) + ̇̄𝒔𝑠 + 𝒇 0 + 𝒛1

)

, (44)

the system converges in a fixed time.
In (44), 𝒔̄ = 𝒙2 + 𝒔̄𝑠 is the sliding manifold, 𝒔̄∗ = 𝒙2 + 𝛼1sig

𝑝1
c
(

𝒙1
)

+
𝛽1sig

𝑔1
c
(

𝒙1
) is the trigger sliding-mode variable, and (45)–(46) presents the 

switching law.

𝒔̄𝑠,𝑖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛼1sig
𝑝1
c
(

𝑥1,𝑖
)

+ 𝛽1sig
𝑔1
c
(

𝑥1,𝑖
)

,
if 𝒔̄∗ = 0, or 𝒔̄∗ ≠ 0, |

|

𝑥1,𝑖|| > 𝜀,
𝑙3𝑥1,𝑖 + 𝑙4sig2c

(

𝑥1,𝑖
)

,
if 𝒔̄∗ ≠ 0, |

|

𝑥1,𝑖|| ≤ 𝜀,

(45)

̇̄𝒔𝑠,𝑖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛼1𝑝1||𝑥1,𝑖||
𝑝1−1𝑥2,𝑖 + 𝛽1𝑔1||𝑥1,𝑖||

𝑔1−1𝑥2,𝑖,
if 𝒔̄∗ = 0, or 𝒔̄∗ ≠ 0, |

|

𝑥1,𝑖|| > 𝜀,
𝑙3𝑥2,𝑖 + 𝑙4 ||𝑥1,𝑖|| 𝑥2,𝑖,

if 𝒔̄∗ ≠ 0, |
|

𝑥1,𝑖|| ≤ 𝜀,

(46)

In (45)–(46), the subscript 𝑖 represents the 𝑖th element in the correspond-
ing vector, 𝑙3 and 𝑙4 are constant parameters designed to keep the continuity 
of 𝒔̄𝑠 and ̇̄𝒔𝑠. The formulation of 𝑙3 and 𝑙4 are as follows
𝑙3 = (2 − 𝑝1)𝛼1𝜀𝑝1−1 + (2 − 𝑔1)𝛽1𝜀𝑔1−1, (47)

𝑙4 = (𝑝1 − 1)𝛼1𝜀𝑝1−2 + (𝑔1 − 1)𝛽1𝜀𝑔1−2. (48)

Proof.  The proof can be obtained as the derivation process for Theorem 
3.

Remark 8.  Comparing controller (44) and controller (28), it can be 
figured out clearly that the system state in different dimensions is 
controlled separately. Due to this reason, the synchronized convergence 
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cannot be achieved by using controller (44). The controller (44) has 
the same form as (28) except for the sign functions and the time-
synchronization property. Comparative experiments are conducted be-
tween them to highlight the merits generated by this difference.

Remark 9.  The modified switching law 𝒔̄𝑠 in (44) is a conventional 
design for fixed-time control and basically has the same structure as 
the ones in [30–32], where detailed analysis and proof can be found. 
In Lemma  4, 𝒔̄𝑠,𝑖 is constructed by the classical sign function sigc(𝑥1,𝑖)
for fixed-time stability. It is calculated according to every element 𝑥1,𝑖
of the system state separately. In contrast, the proposed switching law 
in our approach (29) is designed based on sign(𝒙1) for FTSC. It is 
calculated as a vector according to 𝒙1. Due to the difference between 
sigc(𝒙1) and sign(𝒙1), the formulation of sliding manifolds 𝒔̄𝑠 and 𝒔𝑠, the 
calculation of constant parameters 𝑙𝑖, and the construction of triggering 
variable 𝒔̄∗ differ significantly. In summary, the forms of these designs 
are the fundamental difference between the proposed work and the 
existing ones, which lead to different performances.

Remark 10.  The time-synchronization phenomenon comes from the 
norm-normalized sign function sign(𝒙1). Many existing fixed-time-
synchronized control methods can be extended with such stability. 
For example, fixed-time-synchronized convergence of multi-agent sys-
tems can be referred to at our previous work [33]. However, time-
synchronized stability requires that every element of the system couples 
with each other, thus it will change the communication topology if used 
in distributed control, e.g., [34,35]. 

In Table  2, the simulation parameters are presented. To produce a 
fair comparison, the same parameters are shared by controller (28) and 
controller (44).
Table 2
Simulation parameters.
 Parameters Values Parameters Values  
 𝒇 0 5𝒙 𝑮0 2𝑰3, 𝑰 is the identity matrix 
 𝑘1 10 𝑘2 50  
 𝑘3 20 𝜆 11∕9  
 𝛿 0.657 𝜃 0.0001  
 𝛼1 1 𝛼2 5  
 𝛽1 0.2 𝛽2 0.2  
 𝑝1 7/13 𝑝2 7/13  
 𝑔1 15/9 𝑔2 15/9  
 𝛥 [

2, 3sin(0.02π𝑡), 4sin(0.05π𝑡 + π∕2)
]T

Fig.  1 illustrates the state 𝒙 by using the proposed controller (28) 
and the compared controller (44), respectively. Using the proposed 
control law (28), each element of 𝒙 arrives at their equilibrium si-
multaneously under disturbances, while using (44), the elements of 𝒙
reach the equilibrium at separate time instants. This phenomenon can 
be figured out more clearly in Fig.  2, where the absolute state values 
are illustrated. In the plots, the state elements converge at 𝑡 = 6.3 s
time-synchronously by using the proposed control law (28), whereas 
they reach the equilibrium at 2.1 s, 4.5 s, and 6.3 s by using the control 
law (44). In Fig.  2, we zoom on the plots around the arrival time instant 
at the level of ×10−4, where the time-synchronization property of the 
state elements can be figured out clearly.

The input signals of the two controllers are illustrated in Fig.  3. 
The amount of energy consumed by the proposed controller (28) is 
calculated as 𝐸 =

∑𝑛
𝑖=1 ∫

𝑇
0 𝑢2𝑖 (𝜏)d𝜏, and the energy consumed by the 

fixed-time controller (44) is computed by 𝐸̄ =
∑𝑛

𝑖=1 ∫
𝑇
0 𝑢̄2𝑖 (𝜏)d𝜏. The 

control energy are compared and illustrated in the first plot of Fig.  4, 
which indicates that less energy is needed by the proposed controller 
than the compared controller.

The second figure of Fig.  4 plots the ratio of different pairs of state 
elements, namely 𝑥1,𝑘∕𝑥1,𝑗 , 𝑘 ≠ 𝑗. In the plots, the RP property under 
the controller (28) is verified, where the ratio of each pair becomes 
time-invariant after a short time period 𝑇 . Subfigures for the initial 
𝑜𝑏
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Fig. 1. System state 𝒙 by using the proposed controller (up) and the compared law 
(44) (down), respectively.

Fig. 2. Norms of 𝑥1,𝑖 by using the proposed control law (up) and the compared control 
law (down), respectively.
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Fig. 3. Control inputs under the proposed controller (28) (up) and the compared 
controller (44) (down).

Fig. 4. Up: Energy consumed by the proposed method (E) and the compared method 
(𝐸̄). Down: Every pair of state elements keeps the persistent ratio.

time period are illustrated to show the detailed convergence process of 
the state ratio. Moreover, the FTSC can also be checked in this figure.

Fig.  5 presents the 3-D state trajectories by using controller (28) and 
controller (44). The trajectory by the proposed control law is plotted 
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Fig. 5. Trajectory plots of system states generated by using the proposed and compared 
controllers.

by the blue line, and can be divided into two parts. The first part 
is generated by 𝑡 < 𝑇𝑜𝑏, where the disturbance estimation achieved 
by the disturbance observer (13) is not the accurate value, namely 
𝒛̃1 ≠ 0. The second part is the 𝑡 ≥ 𝑇𝑜𝑏 part, where accurate disturbance 
estimation can be used as known information. In this case, a smoother 
and shorter trajectory can be generated by the proposed method due 
to the influence of the fixed-time-synchronized property. When precise 
disturbance estimation is achieved with 𝒛̃1 = 0 and 𝑡 ≥ 𝑇𝑜𝑏, according 
to Theorem  3, the output state trajectory is RP. As in the figure, an 
RP state trajectory shows up as a straight line, which can be taken 
as optimal from the perspective of the trajectory length. In contrast, 
the red state trajectory, which is generated by the fixed-time law (44), 
appears much longer and more unpredictable than the blue trajectory.

In what follows, the enhanced ST estimation is verified in the 
simulations, whose performance is compared with the famous work 
in (40). The proposed estimation is calculated with the parameters in 
Table  2,
𝑇𝑐 ≤𝑇𝑜𝑏 + 𝑇𝑐1 + 𝑇𝑐2

=𝛾
(

2𝑘1, 2𝑘2,
3
4
, 1 + 𝜆

2
, 1
)

+
𝜎 +𝑀𝛾𝑜𝑏

(

1 −𝑀ℎ∕𝑘1
)

𝑚

+ 𝜎
𝑚

+ 𝛾
(

2𝛼1, 2𝛽1,
1 + 𝑝1

2
,
1 + 𝑔1

2
, 1
)

+ 𝛾
(

2𝛼2, 2𝛽2,
1 + 𝑝2

2
,
1 + 𝑔2

2
, 1
)

=9.3019 s. (49)

With the same parameters, a typical work on the ST estimation [5] 
generates the following result,
𝑇̄𝑐 ≤𝑇̄𝑜𝑏 + 𝑇̄𝑐1 + 𝑇̄𝑐2

= 1
𝑘1(1 − 3∕4)

+ 2
𝑘2(𝜆 − 1)

+
𝜎 +𝑀𝛾𝑜𝑏

(

1 −𝑀ℎ∕𝑘1
)

𝑚

+ 𝜎
𝑚

+ 1
𝛼1(1 − 𝑝1)

+ 1
𝛽1(𝑔1 − 1)

+ 1
𝛼2(1 − 𝑝2)

+ 1
𝛽2(𝑔2 − 1)

=19.2464 s. (50)

The proposed estimation (49) and the classical estimation (50) can 
be used for both controllers (28) and controller (44). Apparently, the 
proposed enhanced estimation generates a better result, which is less 
overestimated than the classical estimation. Fig.  6 shows clearly that 
by using our method, the proposed estimation 𝑇  is substantially closer 
𝑐

105
to the real value of the ST compared to the estimation 𝑇̄𝑐 from [5]. The 
reasons are in two aspects. Firstly, the enhanced estimation consists 
of several LUBs for different stabilizing stages. Secondly, the LUBs 
are calculated by un-relaxed Lyapunov derivative equations that are 
more accurate than commonly used relaxed inequations. A detailed 
comparison between 𝑇𝑐 and 𝑇̄𝑐 is further studied by using an example. 
Let 𝛼1 = 𝛼2 = 𝜛 and 𝛽1 = 𝛽2 = 1∕𝜛 with a positive variable 𝜛, and 
other parameters remain the same. The ratio between 𝑇̄𝑐 (𝜛) and 𝑇𝑐 (𝜛)
is illustrated in Fig.  7, where ∀𝜛 > 0, 𝑇̄𝑐∕𝑇𝑐 > 1. In the special case 
of 𝜛 → ∞ or 𝜛 → 0, the ratio goes to infinity. The validity of the 
enhanced ST estimation is thus demonstrated.

Remark 11.  The proposed estimation of the LUB for the ST has shown 
good performance, however, the advantage lies in the specific property 
of the time-synchronized convergence. When it is used for conventional 
fixed-time control, the estimation may not be as good as in the paper.

5. Conclusion

This paper has considered the fixed-time-synchronized control prob-
lem for disturbed affine systems and the estimation for the least upper 
bound of the settling time. A relevant Lyapunov theorem has been 
proposed for the fixed-time-synchronized control, and corresponding 
controllers have been designed for multivariable disturbed systems 
that are singularity-free. An enhanced estimation for the least up-
per bound of the synchronized settling time is presented which is 
constructed by several least upper bounds, and the calculated value 
is less overestimated than the existing results. An emerging deeper 
perception is brought for fixed-time stability by this paper. In the 
future, the time-synchronized convergence will be developed for more 
complex requirements such as predefined-time control and prescribed 
performance control.
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Fig. 6. Absolute state value 𝑥 by using the proposed controller (28), with the proposed enhanced estimation 𝑇𝑐 and the estimation 𝑇̄𝑐 derived in [5].
Fig. 7. A comparison between 𝑇𝑐 in (49) and 𝑇̄𝑐 in (50).
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