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A B S T R A C T

This paper studies motor joint control of a 4-degree-of-freedom (DoF) robotic manipulator using learning-based
Adaptive Dynamic Programming (ADP) approach. The manipulator’s dynamics are modelled as an open-loop 4-
link serial kinematic chain with 4 Degrees of Freedom (DoF). Decentralised optimal controllers are designed for
each link using ADP approach based on a set of cost matrices and data collected from exploration trajectories.
The proposed control strategy employs an off-line, off-policy iterative approach to derive four optimal control
policies, one for each joint, under exploration strategies. The objective of the controller is to control the position
of each joint. Simulation and experimental results show that four independent optimal controllers are found,
each under similar exploration strategies, and the proposed ADP approach successfully yields optimal linear
control policies despite the presence of these complexities. The experimental results conducted on the Quanser
Qarm robotic platform demonstrate the effectiveness of the proposed ADP controllers in handling significant
dynamic nonlinearities, such as actuation limitations, output saturation, and filter delays.
1. Introduction

For uncertain linear systems, adaptive controller designs have been
xtensively studied [1,2]. Adaptive Dynamic Programming (ADP) has
een employed to solve control problems for uncertain systems. Recent
dvances in ADP use neural networks as a tool to approximate typical
onlinear or advanced functions [3]. Learning-based ADP, as described
n [4], is inspired by Reinforcement Learning(RL), and leverages some
f RL’s key concepts to solve the optimal controller problem. The suc-

cess of ADP ranges from self-driving cars [5] and balancing robots [6],
where optimal controllers were derived from an initial stabilising con-
troller and limited exploration, demonstrating data efficiency and per-
formance. This motivate further study of the learning-based approach
of ADP for linear time-invariant systems.

Research on robotic manipulators have focused on both linear and
non-linear control, despite the nonlinear dynamics typically found in
hese systems. Classical approaches with proportional–integral–deriv-
tive (PID) and LQR controllers still attract attention [7,8]. Linear con-

trol approaches can greatly benefit from linearisation techniques [9].
When the system is well known, model predictive control (MPC) has
demonstrated high accuracy in control with different linearisation tech-
niques [10,11]. For partially uncertain systems, adaptive approaches

that consider uncertainties in the end-effector load situation still re-
quire accurate kinematic knowledge of the robot [12]. When the model
of the robot serial manipulator is completely unknown, state-of-the-art
reinforcement learning (RL) algorithms can learn an accurate low-
level controller policy, and at the same time extend the control pol-
icy to incorporate coupling effects, and even the task decision pro-
cess [13]. [14] used an ADP approach with a critic network and fuzzy
logic on a 2-DoF serial manipulator with unknown dynamics to find
optimal controllers. While related, significant amount of data is needed
for training a neural network, thus training efficiency suffers. A solution
to the data problem is to use simulators, however the sim-to-real gap
can be significant [13].

For robot manipulator tracking tasks, decentralised control or
independent-joint control have been investigated [15–17], where a
separate actuator taking feedback only from that particular joint is
responsible for the joint control. This paper is motivated by the need
to enhance data efficiency in finding optimal controllers for non-linear
systems. A learning-based ADP is developed for open-chain multibody
systems. The proposed approach is demonstrated on a 4 DOF robot
manipulator, the Quanser Arm. It demonstrates that the effectiveness
and applicability of ADP for nonlinear systems can be successfully es-
tablished. Related to the field of control of serial robotic manipulators,
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where additional controller features are needed to accurately control
.e. a tool tip position and orientation related to a work scene, this paper
erves as a first step towards learning-based ADP for robotic control, as
he study is focuses towards developing the low-level motor controllers.
he method for generating joint references is not included in the scope
f this work.

A common method for analysing the kinematic and dynamic frame-
work of robotic serial manipulators is the Denavit–Hartenberg (DH)
convention. If a robot is classified as a subsystem of an open multibody
kinematic chain, with one degree of freedom per joint, the DH param-
eters can be used to describe the rotation and translation of each joint
from a joint coordinate frame of reference in [18–20]. A limitation of
using the DH method is the occurrence of computational singularities,
and the modelling method is known to be relatively complicated [21].
In this paper, a more general approach to modelling is proposed where
the robot manipulator is formulated as a multibody kinematic prob-
lem, specifically as an open-loop recursive kinematic chain. The main
advantage of this approach is that the analysis is more general than the
DH-convention, and the method can be expanded to systems which do
not fit the DH-criteria. With proper selection of local coordinate frames,
computational singularities can be avoided as long as rotation about
one strategically selected axis is constrained. The multibody approach
is more intuitive, as all rotational joints share the same constraint type
which lead to similar equations. Therefore, the main modelling analysis
in the multibody framework is to define the correct constraint vectors of
each joint. For more detailed analysis, all system states, reaction forces,
and moments are available through analysis of the Lagrange multipliers
and the Jacobian matrix. The main contributions of this paper are as
follows:

• The paper provides a comprehensive analysis of a robot ma-
nipulator modelled as a 4-DoF open-chain multibody recursive
system.

• The data driven off-policy ADP algorithm is proposed to generate
the decentralised optimal controllers for robot manipulator in the
presence of unknown complexities, supported by experimental
validations.

• The convergence of the data-driven algorithm and the stability
of the robot manipulator with the proposed adaptive optimal
controllers are theoretically analysed.

• Through the application on a non-linear robot manipulator from
Quanser with a pragmatic approach to linearisation, while ad-
dressing controller limitations and filter delays, it is demon-
strated that the feasibility and effectiveness of learning-based ADP
controller.

The structure of the paper is as follows; in Section 2 a dynamic
analysis of a 3D 4-link robotic manipulator with rotational joints is
presented. In Section 3 an approach to using learning-based ADP for
continuous time-invariant system approach is presented. The objective
is to find an optimal controller for each robot joint based on a set of
cost matrices and some exploration trajectories from the observable
and controllable position and velocity states of each joint. In Section 4
the validity and efficiency of the presented method is demonstrated
hrough 2 systems, on a simulated 4-DoF open kinematic chain, and on
he Quanser Qarm experimental platform. The two systems have similar
inematics but different controller architectures.

2. Modelling and dynamic analysis of a 4-Dof stiff multibody open
hain

The presented multibody analysis is a general representation for any
4DoF system with revolute-only joint configuration. Note that bold-face
uppercase letters are used for matrices, bold-face lowercase letters for
vectors, and normal-face lowercase letters are used for scalars.
 a
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Forward dynamics

In computational iterative methods, the 3D forward recursive kine-
atic problem can be solved for a system subjected to gravity, joint

riction, and motor torque, based on [22]. A body subjected to gravity
an be expressed by the Lagrangian equation in vector form:

𝑴(𝜽)𝜽̈ + 𝑪(𝜽, 𝜽̇) + 𝒈(𝜽) = 𝝉 (1)

where 𝑴(𝜽) ∈ R𝑞×𝑞 is the mass matrix with 𝑞 defined body states,
𝑪(𝜽, 𝜽̇) ∈ R𝑞×𝑞 is the Coriolis matrix, 𝒈(𝜽) ∈ R𝑞 describes the force
due to gravity and joint friction, and 𝝉 ∈ R𝑞 is, for a revolute joint, the
torque applied in the joint motor. 𝜽, 𝜽̇ and 𝜽̈ is the positions, velocities
and accelerations, respectively. Since (1) is derived from the general
Euler–Lagrange equation in (2):

𝑭 = d
d𝑡

𝜕 𝐿
𝜕𝒒̇

− 𝜕 𝐿
𝜕𝒒

(2)

with 𝑭 as the generalised force in the system and 𝐿 as the Lagrangian
unction, a reformulation can be performed. From a 3D spatial frame

agrangian derivation with a force-velocity duality of
[

𝒇
𝒏

]

and
[

𝒗
𝝎

]

here 𝒇 ∈ R3 is the forces and 𝒏 ∈ R3 is the moments, and 𝒗 ∈ R3

s the translational velocities and 𝝎 ∈ R3 is the rotational velocities,
qualities for the forces and moments can be separated such that:
𝜕 𝐿
𝜕𝒗

= 𝑚𝒗 (3)

𝒇 = 𝑚 d
d𝑡
𝒗 (4)

and
𝜕 𝐿
𝜕𝝎

= 𝑱 𝝎 (5)

𝒏 = 𝝎̃𝑱 𝝎 + 𝑱 d
d𝑡
𝝎 (6)

The ̃operator denotes the skew symmetric matrix of a vector. Then, in
matrix form the spatial frame Newton-Euler equation is obtained for a
ody in 3D as:

[

𝑚𝑰3×3 𝟎
𝟎 𝑱

] [
𝒗̇
𝝎̇

]

+
[

𝟎
𝝎̃𝑱 𝝎

]

=
[

𝒇
𝒏

]

(7)

Velocities and position coordinates can be integrated from the ac-
celerations. From a calculation efficiency standpoint it is desirable to
obtain a static inertia matrix, which can be achieved by solving the
rotational accelerations and velocities in local coordinates, with the
local mass moment of the inertia matrix denoted 𝑱 ′. The rotational
accelerations and moments in the local coordinates are thus: 𝑱 ′𝝎̇′ +
𝝎̃′𝑱 ′𝝎′ = 𝒏′. The global translational accelerations, denoted 𝒓̈, of the
centre of mass of each body are given by 𝑚𝒓̈ = 𝒇 . Then, for an
unconstrained body in 3D subjected to external and internal forces:
[

𝑚𝑰3×3 𝟎
𝟎 𝑱 ′

] [
𝒓̈
𝝎̇′

]

+
[

𝟎
𝝎̃′𝑱 ′𝝎′

]

=
[

𝒇
𝒏′

]

(8)

For a multibody unconstrained system where (8) is defined for each
𝑖 body, a system of equations written in matrix form where (8) is
compressed and reformulated as:

𝑴𝒗̇ + 𝒃 = 𝒈𝑝 (9)

Then, for a multibody system where each joint is defined as a revo-
lute joint with constraint equations that remove 5 degrees of freedom,
for each joint 3 and 2 rotational freedoms, each joint is only allowed to
move about the unconstrained degree of freedom. A dynamic equation
for the torque in the remaining rotational axis of freedom is subject to
movement with a general joint and body-pair definition as in Fig. 1.
Then, a serial kinematic chain can be defined. For each body, a fixed
ocal coordinate system is attached to the Centre of Mass (CoG), with
xis definitions as in Fig. 2. Then each set of body-pair constraints have
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Fig. 1. Multibody parameters of a revolute joint.

Fig. 2. Axis definitions of a 4-DoF open kinematic chain.

associated reaction forces, such that the constrained multibody system
can be written as:

𝑴𝒗̇ + 𝒃 = 𝒈𝑒𝑥𝑡 + 𝒈𝑟 (10)

where 𝒈𝑒𝑥𝑡 is the external forces and moments acting on the system,
nd 𝒈𝑟 ∈ R𝑐 is the reaction forces in the constraints, 𝑐 is the number
or constraints. 𝒈𝑟 can also be expressed as the matrix product of the
acobian matrix 𝜱𝑞 , and the vector of Lagrangian multipliers 𝝀 ∈ R𝑐 ;
𝑟 = 𝜱T

𝑞𝝀. From the constraint matrix at the position level, 𝜱 = 𝟎 that
must be satisfied along with (10). Then the second time derivative of
he constraint matrix is:
𝜱̈ = 𝜱𝑞 𝒗̇ + 𝜱̇𝑞𝒗 = 𝟎 (11)

and defining the terms related to squared velocities
𝜱̇ 𝒗 = −𝜸 such that:

𝜱𝑞 𝒗̇ = 𝜸 (12)

Then combining (10) with the reaction forces expressed by the
Lagrangian multipliers and (12), the complete constrained multibody
kinematic chain is expressed as:
[

𝑴 −𝜱T
𝑞

𝜱𝑞 𝟎

] [
𝒗̇
𝝀

]

=
[

𝒈𝑒𝑥𝑡 − 𝒃
𝜸

]

(13)

where for a 4DoF system in 3D, the mass and inertia matrix 𝑴 has
size 24 × 24, the Jacobian matrix 𝜱𝑞 has size 20 × 24, 𝒗̇, 𝒈𝑒𝑥𝑡 and 𝒃
of length 24, and 𝜆 and 𝛾 of length 20. The external forces, defined in
global coordinates, are due to gravity 𝑔, joint viscous friction 𝐶𝑖, and
oint motor torque input 𝑈𝑖.

Defining 𝜱̈ for the body pair in Fig. 1 with the geometric vectors
efined in the local coordinates of body 𝑖, from the centre of gravity
f body 𝑖 to the common denoted joint position 𝑃 𝑄. Rotations about
he base joint are referenced to ground. Geometric vectors referenced
138
to the ground can be subscripted with 0. The vectors 𝒎𝐸 , 𝒏𝐸 and 𝒕𝐸 are
unity constraint vectors of the referenced joint. 𝑰 is a identity matrix
f size 3 × 3. 𝑨𝑖 is the rotation matrix of body 𝑖, given as the Bryant
-y-z transformation matrix of the rotational coordinates of each joint,
ransformed from global to local representations:

𝑨𝑖 =
⎡

⎢

⎢

⎣

𝑐𝑦𝑐𝑧 −𝑐𝑦𝑠𝑧 𝑠𝑦
𝑐𝑥𝑠𝑧 + 𝑠𝑥𝑠𝑦𝑐𝑧 𝑐𝑥𝑐𝑧 − 𝑠𝑥𝑠𝑦𝑠𝑧 −𝑠𝑥𝑐𝑦
𝑠𝑥𝑠𝑧 − 𝑐𝑥𝑠𝑦𝑐𝑧 𝑠𝑥𝑐𝑧 + 𝑐𝑥𝑠𝑦𝑐𝑧 𝑐𝑥𝑐𝑦

⎤

⎥

⎥

⎦

(14)

where 𝑐𝑥 is the shorthand notation for cos(𝜙𝑥) and 𝑠𝑦 is sin(𝜙𝑦), etc.
Then, the system can be constrained by defining a set of constraint
vectors from a reference position to a joint for the position (𝜱), the
velocity (𝜱̇) and the acceleration (𝜱̈). Joints in an open kinematic loop
can be recursively defined in relation to each other. For a revolute joint,
3 vectors constrain the 3 translational states, and 2 vectors normal to
each other constrain 2 rotational states. The constraint equations at the
position level can be derived as defined in Fig. 1:

𝜱 =
⎡

⎢

⎢

⎣

𝒓𝐷 +𝑨𝐷𝒔𝑃
′

𝐷 − 𝒓𝐸 −𝑨𝐸𝒔
𝑄′

𝐸
(𝑨𝐷𝒂′𝐷)

T𝑨𝐸𝒎′
𝐸

(𝑨𝐷𝒂′𝐷)
T𝑨𝐸𝒏′𝐸

⎤

⎥

⎥

⎦

= 𝟎 (15)

with its first derivative equal to:

𝜱̇ =
⎡

⎢

⎢

⎣

𝒓̇𝐷 +𝑨𝐷𝝎̃′
𝐷𝒔

𝑃 ′

𝐷 − 𝒓̇𝐸 −𝑨𝐸 𝝎̃′
𝐸𝒔

𝑄′

𝐸
−(𝑨𝐸𝒎′

𝐸 )
T𝑨𝐷𝒂̃′𝐷𝝎

′
𝐷 − (𝑨𝐷𝒂′𝐷)

T𝑨𝐸𝒎̃′
𝐸𝝎

′
𝐸

−(𝑨𝐸𝒏′𝐸 )
T𝑨𝐷𝒂̃′𝐷𝝎

′
𝐷 − (𝑨𝐷𝒂′𝐷)

T𝑨𝐸 𝒏̃′𝐸𝝎
′
𝐸

⎤

⎥

⎥

⎦

= 𝟎 (16)

such that for the second time derivative of the position constraints we
obtain 𝜣̈ and rearrange to define 𝜣𝑞 , 𝒗̇ and 𝜸 to satisfy (12) for each
body pair:

⎡

⎢

⎢

⎣

𝑰 −𝑨𝐷 𝒔̃𝑃
′

𝐷 −𝑰 𝑨𝐸 𝒔̃
𝑄′

𝐸
𝟎 −(𝑨𝐸𝒎′

𝐸 )
T𝑨𝐷𝒂̃′𝐷 𝟎 −(𝑨𝐷𝒂′𝐷)

T𝑨𝐸𝒎̃′
𝐸

𝟎 −(𝑨𝐸𝒏′𝐸 )
T𝑨𝐷𝒂̃′𝐷 𝟎 −(𝑨𝐷𝒂′𝐷)

T𝑨𝐸 𝒏̃′𝐸

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

𝒓̈𝐷
𝝎̇′
𝐷

𝒓̈𝐸
𝝎̇′
𝐸

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎣

𝑨𝐷𝝎̃′
𝐷𝒔

′𝑃
𝐷𝝎

′
𝐷 −𝑨𝐸 𝝎̃′

𝐸𝒔
′𝑄
𝐸𝝎

′
𝐸

2(𝑨𝐷𝝎̃′
𝐷𝒂

′
𝐷)

T𝑨𝐸𝒎̃′
𝐸𝝎

′
𝐸 + (𝑨𝐸𝒎′

𝐸 )
T𝑨𝐷𝝎̃′

𝐷𝒂̃
′
𝐷 + (𝑨𝐷𝒂′𝐷)

T𝑨𝐸 𝝎̃′
𝐸𝒎̃

′
𝐸𝝎

′
𝐸

2(𝑨𝐷𝝎̃′
𝐷𝒂

′
𝐷)

T𝑨𝐸 𝒏̃′𝐸𝝎
′
𝐸 + (𝑨𝐸𝒏′𝐸 )

T𝑨𝐷𝝎̃′
𝐷𝒂̃

′
𝐷 + (𝑨𝐷𝒂′𝐷)

T𝑨𝐸 𝝎̃′
𝐸 𝒏̃

′
𝐸𝝎

′
𝐸

⎤

⎥

⎥

⎦

(17)

Then from the defined matrices and vectors, the Lagrange multipli-
rs can be solved from:

𝝀 = (𝜱𝑞𝑴−1𝜱T
𝑞 )

−1(𝜸 −𝜱𝑞𝑴−1(𝒈𝑒𝑥𝑡 − 𝒃)) (18)

The translational accelerations referenced to the global coordinate
ystem, 𝒓̈𝑖, and the first derivative of the rotational velocities with

reference to each local coordinate system, ̇̃𝝎𝑖, can be found by
[

𝒓̈1 𝝎̇′
1 𝒓̈2 𝝎̇′

2 𝒓̈3 𝝎̇′
3 𝒓̈4 𝝎̇′

4
]T

= 𝑴−1(𝜱T
𝑞𝝀 + 𝒈𝑒𝑥𝑡 − 𝒃) (19)

Finally, angular velocities are transformed into time derivatives of
the rotational coordinates with the transformation matrix 𝑻 𝜔

𝑖 , so that:

𝜽̇𝑖 = (𝑻 𝜔
𝑖 )−1𝝎𝑖 (20)

with

(𝑻 𝜔)−1 = 1
𝑐𝑦

⎡

⎢

⎢

⎣

𝑐𝑦 𝑠𝑥𝑠𝑦 −𝑐𝑥𝑠𝑦
0 𝑐𝑥𝑐𝑦 𝑠𝑥𝑐𝑦
0 −𝑠𝑥 𝑐𝑥

⎤

⎥

⎥

⎦

(21)

The system states are first calculated as local accelerations and
integrated to local velocities, then transformed to global velocities and
integrated to global positions.

The described system model and the system states,
[𝑥𝑖, 𝑦𝑖, 𝑧𝑖, 𝜃𝑥𝑖, 𝜃𝑦𝑖, 𝜃𝑧𝑖]T and [𝑥̇𝑖, 𝑦̇𝑖, 𝑧̇𝑖, 𝜃̇𝑥𝑖, 𝜃̇𝑦𝑖, 𝜃̇𝑧𝑖]T are unknown to the con-
troller. To obtain closed loop control a joint sensor is modelled, so that
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for each joint, the position and the velocity about the unconstrained
rotational joint are extracted from the model simulation, and used as
an input to the controller. Then, for each decentralised joint controller
𝑖, the observable and controllable unconstrained rotational position 𝜃𝑖
nd observable and controllable unconstrained rotational velocity 𝜃̇𝑖,
s indicated in Fig. 2, are available to the joint controller to generate

the controller input 𝐾𝑖. The objective of the motor joint controller is to
rive each joint to a reference position (see Fig. 3).

Fig. 3. Simplified animation of 4DoF 3D multibody simulation.

3. ADP based control design

In the implementation of ADP for uncertain linear time-continuous
systems, an assumption of linearity of the system to be controlled is
made. This assumption of linearity has previously been taken in [23,
24], even when the systems to be controlled were, in fact, significantly
nonlinear. From these previous results it is therefore known that suc-
cessful ADP algorithm convergence is highly dependent on bounded
parameters, both in initial system conditions and in ADP algorithm
arameters. This paper will not elaborate further on the boundedness
f all such parameters but rather demonstrate that the off-line, off-
olicy ADP method presented in this chapter, based on [4,25], can
e used successfully on a much larger and advanced system with the
dditional filters, delays, quantisation, and other challenges that come
ith real-time physical systems.

To match the general non-linear form in (1) with a suitable linear
xpression, the following assumption is made:

Assumption 1. The control problem, as a subsystem, seen from the
motor controller of each joint, the subsystems can be described by some
unctions of only two known states, the position and velocity of the
ontrolled joint. In state space notation where the state vector contains
he known states of the system, the assumed form of each subsystem
s [14]:

𝒙̇𝑖 =
[

0 1
0 −𝑴−1

𝑖 (𝜃𝑖)𝑪𝑖(𝜃𝑖)

]

𝒙𝑖 +
[

0
𝑴−1

𝑖 𝜃𝑖

]

[𝜏𝑖 − 𝑔(𝜃𝑖)] (22)

Which, if sufficiently linear, i.e. the gravity induced moments are either
ompensated for, or have a sufficiently small and bounded effects on
he system, an approximation to a continuous linear time-invariant
ystems can be valid. If so, the system has the general form:

𝒙̇𝑖 = 𝑨𝑖𝒙𝑖 + 𝑩𝑖𝒖𝑖 (23)
139
Remark 1. The above assumption where (23) is assumed from (1) and
13) can only be rigorously proven within a small linearised region of

each joint. In practical terms, non-linearities in physical systems can
often be unsuccessfully modelled, or omitted completely. By taking a
worst-case approach to linearisation, the actual controller, if found by
successful algorithm convergence, must be evaluated with suspicion.
However, the results will be valuable for evaluating other aspects of
the ADP approach, e.g. algorithm robustness, selection of exploration
strategy, and failure modes.

Remark 2. To simplify notation, the subscript denoting body-joint
dentifier 𝑖 is omitted for the rest of the presented theory. Also, accord-
ng to conventional ADP practice, as the theory does not differentiate
etween scalar sized systems and matrix sized systems, the strict bold
ace notation of matrices and vectors are omitted.

The general form of each joint subsystem, expressed as continuously
linear and time-invariant, and according to conventional LQR theory,
ff the subsystem is stable, there exists a constant K, such that 𝐴 − 𝐵 𝐾
s Hurwitz. An LQR-controller is formulated as the control objective;

𝑢 = −𝐾 𝑥 (24)

where the control objective is to minimise a subsystem specific perfor-
mance index

𝐽 (𝑥; 𝑢) = ∫

∞

0
(𝑥T𝑄𝑥 + 𝑢T𝑅𝑢)d𝑡 = 𝑥T𝑃 + 𝑥 (25)

with solution 𝑃 , given by

𝑃 = ∫

∞

0
𝑒(𝐴−𝐵 𝐾)T𝑡(𝑥T𝑄𝑥 +𝐾T𝑅𝐾)𝑒(𝐴−𝐵 𝐾)𝑡d𝑡 (26)

With a valid optimal input, there is an optimal controller gain
atrix, 𝑢∗ = −𝐾∗𝑥, which complies with the optimal performance

ndex.

𝐽 (𝑥; 𝑢∗) = 𝑥T𝑃 ∗𝑥 (27)

The optimal solution to (27) is 𝑃 ∗ = 𝑃 ∗T > 0. This is ARE from

𝐴T𝑃 ∗ + 𝑃 ∗𝐴 − 𝑃 ∗𝐵 𝑅−1𝐵T𝑃 ∗ +𝑄 = 0 (28)

with a known 𝑃 ∗, has the solution to the optimal controller:

𝐾∗ = 𝑅−1𝐵T𝑃 ∗ (29)

To solve (28), complete dynamic knowledge is required for matrices
 and B. If such dynamic information is unknown or inaccurate, it is

known from [4] that if an exploration input, 𝑢′ = −𝐾0𝑥+𝜁 , the solution
to the performance index, 𝑃 ∗ in (27), can be found iteratively. In this
work we assume no a-priori dynamic information is available to the
controller.
𝑥(𝑡 + 𝛿 𝑡)T𝑃𝑗𝑥(𝑡 + 𝛿 𝑡) − 𝑥(𝑡)T𝑃𝑗𝑥(𝑡) =

− ∫

𝑡+𝛿 𝑡
𝑡

[𝑥T(𝑄 +𝐾T
𝑗 𝑅𝐾𝑗 )𝑥 − 2(𝑢′ +𝐾𝑗𝑥)T𝑅𝐾𝑗+1𝑥]d𝜏

(30)

where

𝑃 ∈ R𝑛×𝑛 → 𝑃 ∈ R
1
2 𝑛(𝑛+1)

𝑃 = [𝑝11, 2𝑝12,… , 2𝑝1𝑛, 𝑝22, 2𝑝23,… , 2𝑝𝑛−1,𝑛, 𝑝𝑛𝑛]T.
An initially stabilising 𝐾𝑗 , 𝑃𝑗 and 𝐾𝑗+1, with 𝑃𝑗 = 𝑃 T

𝑗 > 0, satisfying
the ARE, then 𝑥(𝑡)T𝑃𝑗𝑥(𝑡) can be found uniquely from collected data,
f (23) is valid. The following equalities define an iterative method of

solution in which the Kronecker product is used.

𝑥T𝑄𝑗𝑥 = (𝑥T ⊗ 𝑥T)𝑣𝑒𝑐(𝑄𝑗 ) (31)

and
(𝑢 +𝐾𝑗𝑥)T𝑅𝐾𝑗+1𝑥 =[(𝑥T ⊗ 𝑥T)(𝐼𝑛 ⊗ 𝐾T

𝑗 𝑅)+
T T (32)
(𝑥 ⊗ 𝑢0 )(𝐼𝑛 ⊗ 𝑅)]𝑣𝑒𝑐(𝐾𝑗+1)
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With a positive integer 𝑙, the data matrices 𝛿𝑥𝑥 ∈ R𝑙×𝑛2 , 𝐼𝑥𝑥 ∈ R𝑙×𝑛2 and
𝑥𝑢 ∈ R𝑙×𝑚𝑛, with the sampling period 𝑡 are defined.

𝛿𝑥𝑥 = [𝑥 ⊗ 𝑥|𝑡1+𝛿 𝑡𝑡1
, 𝑥 ⊗ 𝑥|𝑡2+𝛿 𝑡𝑡2

,… , 𝑥 ⊗ 𝑥|𝑡𝑙+𝛿 𝑡𝑡𝑙
]T

𝐼𝑥𝑥 = [∫
𝑡1

𝑡0
𝑥 ⊗ 𝑥d𝜏 , ∫

𝑡2

𝑡1
𝑥 ⊗ 𝑥d𝜏 ,… , ∫

𝑡𝑙

𝑡𝑙−1
𝑥 ⊗ 𝑥d𝜏]T

𝐼𝑥𝑢 = [∫
𝑡1

𝑡0
𝑥 ⊗ 𝑢0d𝜏 , ∫

𝑡2

𝑡1
𝑥 ⊗ 𝑢0d𝜏 ,… , ∫

𝑡𝑙

𝑡𝑙−1
𝑥 ⊗ 𝑢0d𝜏]T

(33)

For any stabilising 𝐾𝑗 and valid (23), the linear equality must hold
or each iteration step for a successful convergence.

𝛩𝑗

[

𝑃𝑗
𝑣𝑒𝑐 𝐾𝑗+1

]

= 𝛯𝑗 (34)

where the data matrices are constructed from the exploration phase.

𝛩𝑗 = [𝛿𝑥𝑥, 2𝐼𝑥𝑥(𝐼𝑛 ⊗ 𝐾T
𝑗 𝑅) − 2𝐼𝑥𝑢(𝐼𝑛 ⊗ 𝑅)] (35)

𝛯𝑗 = −𝐼𝑥𝑥𝑣𝑒𝑐 𝑄𝑗 (36)

Full rank of 𝛩𝑗 is required for a unique solution of 𝑃𝑗 = 𝑃 𝑇
𝑗 to exist

rom (34). If so, for each 𝑗 = 0, 1, 2,…, there must exist a sufficiently
arge integer 𝑙𝑗 > 0 such that each sample period 𝑡𝑙−𝑡𝑙−1 has sufficiently

many data samples 𝑙𝑗 for each iteration of 𝑗. The rank condition ensures
he solution to be unique and is given as:

𝑟𝑎𝑛𝑘(𝛩𝑗 ) =
𝑛(𝑛 + 1)

2
+ 𝑚𝑛 (37)

Inspired by persistent excitation [4], the rank condition is of critical
importance. But it can only be checked computationally, and for the
offline approach this can only be performed after the exploration phase.
revious results [23,24], showed that for a nonlinear system, both

the initial conditions and the algorithm parameters are critical for the
rank condition, i.e. these parameters are bounded and convergence
is not guaranteed. This presents a problem for the practicality of the
implementation to nonlinear systems, as brute forcing of all solutions
across a multidimensional parameter space might be required but is
undesirable. However, if the rank condition holds, the off-policy ADP
Algorithm can be used to find a solution of ARE, 𝑃 ∗ that yields a near-
optimal control policy 𝐾∗, evaluated by the performance index (30)
nd a convergence criterion 𝜖, within the trajectories of the exploration
hase. And assuming that (23) is valid and verifying the solution on the

system, might be a sufficient and more effective alternative than brute
forcing.

Off-policy ADP Algorithm

1. Initialisation
For each joint controller 𝐾𝑖, Find 𝐾𝑖0 such that 𝐴𝑖 − 𝐵𝑖𝐾𝑖0 is
Hurwitz. Let 𝑗𝑖 = 0.

2. Online data collection
Apply 𝑢𝑖0 = −𝐾𝑖0𝑥𝑖 + 𝜁𝑖 as the control input from 𝑡 = 𝑡1 =
0. Compute 𝛿𝑥𝑥𝑖 , 𝐼𝑥𝑥𝑖 and 𝐼𝑥𝑢𝑖 until the rank condition (37) is
satisfied. Let 𝑗𝑖 = 0.

3. Policy evaluation and improvement
Solve 𝑃𝑖𝑗 with 𝑃𝑖𝑗 = 𝑃 T

𝑖𝑗
, and 𝐾𝑖𝑗+1 .

4. Off-policy iteration
Let 𝑗𝑖 ← 𝑗𝑖 + 1, and repeat (3), until |𝑃𝑖𝑗 − 𝑃𝑖𝑗−1 | ≤ 𝜖𝑖 for 𝑗𝑖 ≥ 1,
and 𝜖𝑖 > 0.

5. Exploitation
Use 𝑢𝑖 = −𝐾∗

𝑖 𝑥𝑖 as the near-optimal control policy.
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Theorem 1. Let 𝐾0 ∈ 𝐑𝑚×𝑛 be any stabilising feedback gain matrix. Let 𝑃𝑗
and 𝐾𝑗+1 be a pair of matrices obtained from the Off-policy ADP Algorithm.
Then, under the rank condition (37), the following properties hold:

1. 𝐴 − 𝐵 𝐾𝑗 is Hurwitz
2. 𝑃 ∗ ≤ 𝑃𝑗+1 ≤ 𝑃𝑗

3. lim𝑗→∞ 𝐾𝑗 = 𝐾∗, and lim𝑗→∞ 𝑃𝑗 = 𝑃 ∗

Proof. iff the linear assumption is valid, the proof in [4] can be used.
The Lyapunov equation for the first iteration 𝑗 = 0, combining (28) and
29)

𝐴T
0𝑃0 + 𝑃0𝐴0 +𝑄 +𝐾T

0𝑅𝐾0 = 0 (38)

with 𝑃0 as a finite and positive definite solution, then by (26) with
= 𝐴 − 𝐵 𝐾𝑗

𝑃0 − 𝑃1 = ∫

∞

𝑜
𝑒𝛼

T
1 𝑡(𝐾0 −𝐾1)T𝑅(𝐾0 −𝐾1)𝑒𝛼1𝑡d𝑡 ≥ 0 (39)

and

𝑃1 − 𝑃 ∗ = ∫

∞

𝑜
𝑒𝛼

T
1 𝑡(𝐾0 −𝐾∗)T𝑅(𝐾0 −𝐾∗)𝑒𝛼1𝑡d𝑡 ≥ 0 (40)

It then follows from the above that Property 2 in Theorem 1 is valid
with 𝑃 ∗ positive definite. Then, iff 𝑃𝑗 is decreasing for each iteration
of 𝑗, i.e. converges towards a lower bound by property 3. This also
implies that property 1 must hold. Therefore, the validity of the linear
assumption of the nonlinear system can be verified by investigating the
convergence of 𝑃𝑗 and since (29), this is also valid for the convergence
of 𝐾𝑗 .

Remark 3. With the assumption of linearity, the algorithm above
ill converge to an optimal solution based on the trajectories collected
uring the exploration phase. Thus, for a nonlinear system the perfor-

mance index (30) will evaluate the system based on Assumption 1 and
the optimality criterion should only be valid in the neighbourhood of
this region. For a large exploration space, the linearisation may not be
strictly valid and local minima may exist.

Theorem 2. Iff the system is sufficiently linear, with the resulting near-
optimal LQR controller structure controlling each joint, the stability can be
proven through the following Lyapunov. Consider the continuous, positive
definite function of the joint state 𝑉𝑖(𝑥𝑖) such that 𝑉𝑖(𝑥𝑖) = 1

2𝑥
T
𝑖 𝑃

∗
𝑖 𝑥̇𝑖 with

𝑃 ∗
𝑖 constant and the actual joint gain 𝐵′

𝑖 , then for each joint controller;

𝑉̇𝑖(𝑥𝑖) = 2𝑥T𝑖 𝑃 ∗
𝑖 𝑥̇𝑖 (41)

̇ 𝑖(𝑥𝑖) = 2𝑥T𝑖 𝑃 ∗
𝑖 (𝐴𝑖𝑥𝑖 − 𝐵′

𝑖𝑅
−1
𝑖 𝐵T

𝑖 𝐾𝑖𝑥𝑖) (42)

Where the unknown matrices A and B are used such that the ARE in (28)
can be substituted:
𝑉̇𝑖(𝑥𝑖) = 𝑥T

𝑖 (−𝑄𝑖 + 𝑃 ∗
𝑖 𝐵𝑖𝑅

−1
𝑖 𝐵T

𝑖 𝑃
∗
𝑖 )𝑥𝑖

− 2𝑥T
𝑖 𝐾𝑖𝐵

′
𝑖𝑅

−1
𝑖 𝐵T

𝑖 𝑃
∗
𝑖 𝑥𝑖

(43)

Proof . It is required that 𝑉̇𝑖(𝑥𝑖) > 0 for 𝑥 ≠ 0, then

𝑄𝑖 + 𝑃 ∗
𝑖 𝐵𝑖𝑅

−1
𝑖 𝐵T

𝑖 𝑃
∗
𝑖 − 2𝑃 ∗

𝑖 (𝐵𝑖 − 𝐵′
𝑖 )𝑅

−1
𝑖 𝐵T

𝑖 𝑃
∗
𝑖 > 0 (44)

Let 𝐵′ = 𝐵 𝐺 where 𝐺 is a diagonal gain matrix with unknown gains
for each observable and controllable state, the above equation can be
ewritten as:

𝑄 − 𝑃 ∗
𝑖 𝐵𝑖(𝐼 − 2𝐺)𝑅−1

𝑖 𝐵T
𝑖 𝑃

∗
𝑖 > 0 (45)

This is true if, for all controllable states, 𝐺𝑖,𝑖 > 0.5. Therefore, the
LQR joint controller provides a gain reduction of 0.5 and infinite gain
amplification, for all controllable states.
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4. Results

The ADP controller structure is verified in two similar 4-DoF serial
kinematic systems, but with different controller structures. A simulated
system with a directly computed motor torque input, and an experimen-
tal system with a PWM input. The difference in controller structure is
emphasised in figure (see Fig. 4).

Fig. 4. Simplified controller overview with emphasis on difference between simulated
nd experimental system.

4.1. Simulation results

The 3D multibody analysis roughly based on the Quanser Qarm was
imulated in MATLAB with both the ODE45 and a custom Newton–
aphson solver on an Intel i5-10210U CPU with 4 1.60 GHz cores.
ome parameters of the QArm were known to the authors, others were
stimated based on empirical experience. The values in Table 1 are not

used in the controller design but used as parameters for the simulation.
Attempts to fit the parameters to match the experimental results with
he simulation results were not made. In particular, the simulation
tructure uses a direct torque input measured in [Nm], and the Quanser
arm controller used a PWM signal, normalised between 0 and 1.

Table 1
4 DoF multibody model parameters.

Parameter ID Value

Lengths 𝐿𝑖 [14, 36, 5, 25, 15] cm
CG-Joint length 𝑙𝑖 [3.99, 10.71, 15.61, 9.98] cm
Body mass 𝑚𝑖 [0.791, 0.459, 0.269, 0.257] k gs
Body 1 𝐽1 [1.556, 1.389, 1.556]10−3 k gm2

Body 2 𝐽2 [0.192, 9.61, 9.61]10−3 k gm2

Body 3 𝐽3 [2.069, 2.069, 0.268]10−3 k gm2

Body 4 𝐽4 [1.120, 1.120, 0.653]10−3 k gm2

Friction coefficients 𝐶𝑖 [5, 3, 2, 0.2] Nms−1

The performance objectives was set to 𝑄1 = 𝑄2 = 𝑄3 = 𝑄4 =
[

5 0
0 0.5

]

, 𝑅1 = 𝑅2 = 𝑅3 = 𝑅4 = [0.001]. A convergence criterion 𝜖 =

0.001, ODE45 evaluation step time of 0.01 s and a learning window of
𝑙 = 600. All joint controllers successfully converged to an near-optimal
controller, as can be seen in Fig. 5. The optimal controllers from the
simulated system was found by the shared exploration strategy of 𝜁 =
20sin(1.5𝑡) + 10sin(4𝑡). The joint controllers were 𝐾∗

1 =
[

3.16 0.11
]

,
𝐾∗

2 =
[

6.83 1.06
]

, 𝐾∗
3 =

[

3.32 0.29
]

, and 𝐾∗
4 =

[

2.58 0.64
]

. The
step response of the learnt controllers to ±0.5[𝑟𝑎𝑑] are shown in Fig. 6.

4.2. Experimental results

The ADP algorithm was implemented on the Quanser Qarm, with
WM input. The performance objectives was set to 𝑄1 = 𝑄2 = 𝑄3 =

𝑄4 =
[

5 0
0 0.5

]

, 𝑅1 = 𝑅2 = 𝑅3 = 𝑅4 = [0.1]. Note that the shoulder joint

𝑖 = 2) and wrist joint (𝑖 = 4) was re-tuned to 𝑅2 = [0.1] and 𝑅4 = [0.75],
due to joint chattering of the learned controller. The learning window
required for each joint was 𝑙 = 2100, 𝑙 = 2100, 𝑙 = 3100, 𝑙 = 2100
1 2 3 4

141
Fig. 5. Algorithm convergence of base, shoulder, elbow and wrist from simulation.

Fig. 6. Step response of simulated 4DoF kinematic chain.

with a step time of 0.01 s was significantly more than for the simulation
esults (see Figs. 7 and 8). The near-optimal controllers was found from
 common exploration strategy of 𝜁 = 0.5sin(𝑡). The learned controllers
ere 𝐾∗

1 =
[

2.46 0.50
]

, 𝐾∗
2 =

[

6.23 0.18
]

, 𝐾∗
3 =

[

9.48 0.26
]

, and
∗
4 =

[

1.18 0.28
]

. The step performance is shown in Table 2, evaluated
as the settling time of a unity step input equally distanced around the
unstable equilibrium, and the 2% steady-state error on both sides of the
aid equilibrium (see Fig. 9).

4.3. ADP algorithm failure modes

Failure to obtain a full rank of 𝛩𝑗 will lead to no solution of the
equality in (34), and a failure of the algorithm iteration will occur. This
can be solved by increasing the learning window length 𝑙 , however
𝑗
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Fig. 7. Quanser Qarm 4-link open kinematic chain experimental platform.

Fig. 8. Algorithm convergence of base, shoulder, elbow and wrist from Quanser Qarm.

from the results in [23], for nonlinear systems one or more parameters
may be outside the bounded region. Successful convergence, but with
inadmissible controller values, that is, negative controller values, was
commonly found in both simulation and experimental testing.

4.4. Discussion

The proposed recursive multibody approach to modelling of the
obotic manipulator was able to efficiently simulate the 4-DoF open
inematic chain. The proposed learning-based ADP controller demon-

strated convergence to a near-optimal solution evaluated by 𝑄, 𝑅
and 𝜖 for all joints during a similar exploration strategy. Thus, the
assumption of sufficient linearity must be valid, at least within the
exploration trajectories, with theoretical results for stability of the
142
Fig. 9. Step response of joint controllers on Quanser Qarm.

Table 2
ADP controller step performance.

4DoF Simulator

Controller, 𝑖 𝑡𝑠(2%) 𝑒𝑠𝑠@-0.5 [rad] 𝑒𝑠𝑠@0.5 [rad]

1 (Base) 0.89 s 0 0
2 (Shoulder) 1.03 s −0.033 0.033
3 (Elbow) 0.95 s −0.024 0.024
4 (Wrist) 1.25 s 0 0

Quanser Qarm

Controller, 𝑖 𝑡𝑠 𝑒𝑠𝑠@-0.5 [rad] 𝑒𝑠𝑠@0.5 [rad]

1 (Base) 1.90 s 0.018 −0.015
2 (Shoulder) 1.38 s 0.005 0.020
3 (Elbow) 1.42 s −0.007 0.007
4 (Wrist) 1.68 s 0.007 −0.007

learned controller, and convergence to such controller. The optimal
controllers did not show any noticeable deterioration in performance
outside the exploration region. Convergence was fast, only requiring
 s of collection time, proving the efficiency of learning-based ADP.

However, convergence failures were encountered during this work,
which led to inapplicable controller values. Convergence was found to
be especially sensitive to initial conditions and exploration noise input,
often leading to failure of the rank condition in (37). Convergence fail-
res are considered a major challenge with learning-based ADP, and is a
reviously known issue, that is exaggerated by significantly non-linear
ynamics. The linearisation approach used in this paper is considered
orst-case, i.e. no information about the system dynamics was available.

f some knowledge about the system dynamics was known, it could
e exploited in the design of e.g. a feedforward control signal, and
he control problem would be more similar to previous results with
inearised systems. The system gain due to PWM normalisation and

quick saturation of the controller input is believed to be beneficial to
performance. The main advantage of the learning-based ADP approach
is to obtain the optimal LQR controller without the need to obtain the
system dynamic matrix, nor the input dynamic matrix in state space
form. In other aspects of controller performance, the presented work
hould be viewed as equivalent to traditional LQR control.

5. Conclusion

This paper studies motor joint control of a 4-degree-of-freedom
DoF) robotic manipulator using learning-based Adaptive Dynamic Pro-
ramming (ADP) approach. The manipulator’s dynamics was modelled
s an open-loop 4-link serial kinematic chain with 4 Degrees of Free-

dom (DoF), which is a computationally effective approach that, to the
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best of the author’s knowledge, is not previously used in the mod-
elling of robotic manipulators. Decentralised optimal controllers were
esigned for each link using the ADP approach based on a set of cost
atrices and data collected from exploration trajectories. The proposed

ontrol strategy employed an off-line, off-policy iterative approach to
erive four optimal control policies, one for each joint, under similar
xploration strategies. The controller objective was met during both
imulation and physical experiments and showed that four independent
ptimal controllers were found under similar exploration strategies.
he proposed ADP approach successfully yields optimal linear control
olicies despite the presence of system complexities. The experimental
esults conducted on the Quanser Qarm robotic platform demonstrate
he effectiveness of the proposed ADP controllers in handling sig-
ificant dynamic nonlinearities, such as actuation limitations, output
aturation, and filter delays. The presented controller performance,
ith advantages, and limitations are equivalent to obtaining an LQR

ontroller for the system, but the results show that the learning-based
DP approach makes it possible to obtain an LQR-equivalent controller
ithout the need to identify the system dynamics and input dynamics.
s this paper focuses on the development of the low-level controller
rchitecture, a kinematic solver based on inverse kinematic information
f the system is required to generate the appropriate joint reference
ignals to achieve a tool tip position and orientation, relative to a global

coordinate frame. A kinematic solver will also compensate for joint
nterconnections and coupling effects. In typical cases, the kinematic

model is developed by analysis or by using available kinematic solvers.
Information from such a kinematic model can be exploited by learning-
based ADP. Related work also shows that a linearisation approximation
of the system will give the ADP controller increased accuracy and
robustness of convergence. The future work related to learning-based
ADP and open kinematic chains is to find a good balance between
modelling accuracy, algorithm convergence robustness, and controller
accuracy. The level of approximation accuracy of the kinematic and
dynamic parameters will be evaluated in such work. The simulation
in this paper was effectively solved on a CPU with relatively low
computing power, thus the modelling approach will be considered to
be used as the kinematic solver on on-board real-time systems like the
Nvidia Jetson or similar.
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