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Abstract Accurately forecasting gasoline volatility is significant for risk management, economic anal-
ysis, and option pricing formulas for future contracts. This study proposes a novel interval-valued
hierarchical decomposition and ensemble (IHDE) approach to investigate gasoline price volatility. Our
interval-based IHDE method can decompose the complex price process into different components to
capture the distinct features of each component, which is helpful for forecasting and analyzing complex
price processes. By using interval-valued data, the dynamics of gasoline prices in terms of levels and
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variations can be fully utilized in this study. Fully utilizing the informational gain of interval-valued
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data improves forecasting performance. In forecasting weekly gasoline volatility, we document that the
proposed IHDE approach outperforms the GARCH, EGARCH, CARR, and ACI models, indicating the
importance of capturing features of different frequency components and utilizing the informational gain
of interval-valued data for gasoline volatility forecasts.

Keywords volatility forecast; interval-valued time series; variational mode decomposition; ACI model;
interval neutral network; interval Holt’s model

1 Introduction
Gasoline is an indispensable strategic commodity in modern economies, and its price fluctua-

tions have profound impacts on countries’ economic performance [1,2]. Gasoline price surges will
weaken consumption and investment, leading to slower economic growth [2,3]. Gasoline prices
are affected by international crude oil markets, policy changes, and other major events. For ex-
ample, the lockdown policy in many countries during the COVID-19 outbreak period decreases
traveling needs, leading to a drop in demand for gasoline and a falling price. The geopolit-
ical conflicts such as the Russia-Ukraine War have also led to great fluctuations in gasoline
price [4]. Historically, gasoline prices have shown a tendency to be nonlinear and uncertain in
their behavior. Therefore, developing effective forecasting models for gasoline price volatility is
an important research agenda.

Nowadays, one class of popular volatility forecasting models is the generalized autoregres-
sive conditional heteroskedasticity (GARCH) model [5] and its extensions. The GARCH model
can capture volatility clustering and time-vary heteroskedasticity. To capture the nonlinear
characteristics, Nelson [6] developed the Exponential GARCH (EGARCH) model to forecast
volatility. GARCH model and its extensions are applied for volatility forecasting in the fields of
equities [7–9], foreign exchange [10,11], interest rates [12], cryptocurrencies [13,14] and commodities
markets [15,16]. On the other hand, GARCH-type models only use closing prices, which may
neglect the information on high and low prices and not reflect variability or uncertainty in a
given period. Models harnessing the information content of range price (high price-low price)
can deliver superior volatility forecasts [17–19]. This is because range price delivers fluctuation
information in a given period while close price does not. Chou [19] proposed the conditional
autoregressive range (CARR) model and found that the CARR model can produce more accu-
rate volatility forecasts than GARCH-type models. However, the range data only reflects price
fluctuations and neglects the price level information [20]. For example, the last week of Dec.2013
and the second week of Dec.2019 have the same range ($ 0.705 per gal), while the midpoint
prices are $ 2.81 per gal and $ 1.65 per gal, respectively.

Instead, some literature attempts to model the price process by using interval-valued time
series (ITS) and associated tools to study the price characteristics [21–31]. Modeling ITS can
encompass information on price trends and price fluctuations simultaneously [20,32]. One class
of interval-valued models simplifies the ITS into a traditional point-valued process (i.e., low
price and high price, midpoint and range price) [21,23,33], which neglects the inner information
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of intervals. The other streams consider the interval as an inseparable extended random set
that contains more information about intervals to generate more precise predictions [20,29,32].
One popular method is the autoregressive conditional interval (ACI) model proposed by He
et al. [32]. The ACI model with two-stage DK-distance estimation can capture the interval-
valued gasoline price dynamics and is more parsimonious than prior interval-valued models.
In addition, the two-stage DK-distance estimation can efficiently and simultaneously use the
information contained in intervals to estimate model parameters by a kernel function (see more
details in He et al. [32]). Thus, the ACI model can alleviate the overparameterization issue,
generate accurate forecasts, and enhance model parameter efficiency [20].

However, the gasoline price process is complex, and the aforementioned econometric models
cannot fully capture the complex features such as nonlinear characteristics. Thus, based on
the “divide and conquer” principle, some interval-based hybrid ensemble approaches have been
applied to energy markets [34–37] and have better forecasting performances. Nevertheless, these
hybrid approaches are employed for price forecasting, and no such interval-based hybrid approach
is proposed for gasoline volatility forecast to our best known.

To address these limitations, we follow the “divide and conquer” principle to propose a novel
interval-based hybrid multivariate decomposition and ensemble (IHDE) approach for gasoline
price volatility forecasting based on different frequency components. Our IHDE approach is
the first method to forecast gasoline volatility according to different frequency components by
using interval-valued data to our best known. We forecast gasoline volatility by using weekly
interval-valued prices based on the IHDE approach. First, to capture the volatility characteris-
tics from different frequency components, we employ multivariate variational mode decomposi-
tion (MVMD) [38] to decompose the original interval-valued price into low- and high-frequency
components. The low-frequency component is the fundamental factor of gasoline volatility.
The high-frequency component refers to the fluctuations caused by short-term supply-demand
disequilibrium or market noise. Although bivariate empirical mode decomposition (BEMD) is
popularly used in the interval-valued decomposition [4,34], it suffers from end effects, mode mix-
ing, and lack of robustness to noise [38], which may affect the forecast performance. Second, to
capture the dynamics of the fundamental factors of gasoline volatility, we apply the ACI model
to forecast the low-frequency component of gasoline volatility. Third, we apply the MLPI-HoltI
approach proposed by Maia and de Carvalho [39] to distinguish the short-term supply-demand
disequilibrium and market noise of high-frequency component. The HoltI model is applied to
capture the short-term supply-demand disequilibrium characteristics of the high-frequency com-
ponent, that is, forecasting the linear structure of the high-frequency component by the HoltI
model. The remaining high-frequency component is often referred to as market noise, which
is typically a nonlinear structure of the high-frequency component. The MLPI method is used
to forecast the nonlinear structure. Furthermore, we ensemble the forecasted low- and high-
frequency components to generate the forecasted volatility. Our IHDE approach outperforms
all benchmarks, including GARCH, EGARCH, CARR, and ACI models.
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Compared with existing literature for gasoline volatility forecasting, our proposed IHDE ap-
proach has some appealing features. First, our IHDE approach is the first interval-valued hybrid
decomposition and ensemble approach for gasoline volatility forecasting to our best known. This
approach captures the different volatility characteristics from different frequency components,
revealing that volatility comprises both persistent long-term and transient short-term dynamics,
consistent with Engle et al. [40]. Second, superior to the traditional point-based and range-based
models, the interval-valued model can better capture both the trend and volatility dynamics of
the gasoline simultaneously due to the fully utilizing informational gains of the ITS data. Third,
MVMD is applied in our approach to deal with the complex interval-valued gasoline price, which
can benefit from the “divide and conquer” principle and overcome the shortcomings of the EMD-
based method. Our IHDE approach also outperforms the ACI model, verifying the importance
of forecasting gasoline volatility according to the different frequency components by using ITS
data.

The rest of this paper is organized as follows. Section 2 proposes the IHDE approach.
Section 3 introduces the benchmark models for forecasting gasoline price volatility. Section 4
describes the sample data and provides some basic analysis. Section 5 discusses the empirical
results of forecasting comparison. Finally, Section 6 concludes.

2 Methodology
2.1 A Novel IHDE Framework for Gasoline’s Volatility Forecasting

In this part, we establish a novel interval-valued hybrid multivariate decomposition and
ensemble (IHDE) framework to forecast the volatility of gasoline prices.

Given an interval-valued gasoline price series yt = [yLt , y
U
t ], t = 1, 2, · · · , n, yLt and yUt denote

the low bound and high bound of the interval-valued gasoline price at time t.
Figure 1 shows that the IHDE learning approach is generally composed of the following 4

steps. First, we employ MVMD to decompose the input signal yt = [yLt , y
U
t ] (t = 1, 2, · · · , n)
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Figure 1 The framework of IHDE approach
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into 2 VMF components git, (i = 1, 2). The VMF with a higher center frequency is the high-
frequency component, and the other is the low-frequency component. Second, we forecast high-
and low-frequency components separately. We employ MLPI-HoltI developed by Maia and de
Carvalho [39] to forecast the low and high boundaries of the high-frequency component simulta-
neously, and the ACI model proposed by Han et al. [41] to model the low-frequency component.
In addition, we ensemble the forecasted high- and low-frequency components to generate the
interval-valued gasoline price forecasting results. Finally, we calculate the volatility of gasoline
prices based on the forecasting results. See Section 4.1 for more calculation details.

2.2 MVMD for Interval-Valued Time Series
MVMD is a multivariate extension of the variational mode decomposition (VMD) technique,

which overcomes the shortcomings of empirical mode decomposition (EMD) extensions, such as
bivariate EMD (BEMD) and multivariate EMD (MEMD). These EMD extensions also suffer
from the drawbacks of the original EMD algorithm, including sensitivity to sampling rate, lack
of robustness to noise, mode aliasing, ending effects, and other issues related to the algorithmic
nature of EMD [38]. In this study, MVMD is employed as an effective method for decomposing
interval-valued gasoline prices, enabling the original interval-valued gasoline price data to be
decomposed into high- and low-frequency components based on their frequency patterns and
oscillatory characteristics, thereby overcoming the deficiencies of the EMD algorithm and its
extensions. The MVMD method is as follows:

1) For the input data yt containing C channels, i.e., yt = [y1(t), y2(t), · · · , yC(t)]

yt =

K∑
k=1

uk(t), (1)

where uk(t) = [u1(t), u2(t), · · · , uC(t)].
2) Obtain an analytical modulated signal u(t) by using the Hilbert transform operator,

denoted as uk
+(t), and then obtain the single frequency component ωk, which is used in the

harmonic mixing of the whole vector uk
+(t). In addition, the bandwidths of uk(t) are estimated by

the L2 norm of the gradient function of harmonically transferred uk
+(t). To ensure the extracted

multivariate oscillation signal can reconstruct the original signal fully, the sum of bandwidths
of all modes should be minimized. The constrained optimization problem for MVMD is:

min
{uk,c

+ },{ωk}

{∑
k

∑
c

∥∂t[uk,c(t)e−jωkt]∥2
2

}
s.t.

∑
k

uk,c(t) = yc(t), c = 1, 2, · · · , C. (2)

3) Using ADMM approach to solve the multi-constrained optimization problem (see details
in ur Rehman and Aftab [38]), and the augmented Lagrangian function is as:
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L ({uk,c}, {ωk}, λc) = α
∑
k

∑
c

∥∂t[uk,c
+ (t)e−jωkt]∥22 +

∑
c

∥∥∥∥yc(t)−∑
k

uk,c(t)

∥∥∥∥2
2

+

∑
c

〈
λc(t), yc(t)−

∑
k

uk,c(t)

〉
. (3)

4) The optimization problem in (3) is solved by the mode update using the multiplier alter-
nating direction method and by the central frequency updates. Then, the mode update is as
follows:

ûn+1
k,c (ω) =

ŷc(ω)−
∑

i ̸=k ûi,c(ω) +
λ̂c(ω)

2

1 + 2α(ω − ωk)2
, (4)

ωn+1
k =

∑
c

∫∞
0

ω|ûk,c(ω)|2dω∑
c

∫∞
0

|ûk,c(ω)|2dω
. (5)

Finally, the K VMFs are obtained by decomposing the original signals according to the
abovementioned steps.

2.3 ACI Model for Low-Frequency Component
He et al. [32] developed the ACI model to capture the conditional mean dynamics of interval

time series processes. An ACI model with order (p, q) is as follows:

∆Yt = α0 + β0I0 +

j∑
i=1

βi∆Yt−i +

q∑
i=1

γi∆ut−i + ut, (6)

where Yt is the interval-valued time series (ITS), ∆ denotes the Hukuhara difference of an
ITS (i.e., ∆Yt = [Y L

t − Y L
t−1, Y

H
t − Y H

t−1] = [∆Y L
t ,∆Y H

t ]). ∆Yt is a stationary ITS though
Yt is not. α0, βi (i = 0, 1, 2, · · · , p), γi (i = 1, 2, · · · , q) are scalar-valued unknown parameters,
I0 = [− 1

2 ,
1
2 ] is the constant unit interval. ut is an interval martingale difference sequence with

respect to the information set It−1, satisfying E(ut|It−1) = [0, 0] almost everywhere. α0+β0I0 =

[α0 − 1
2β0, α0 +

1
2β0] is the interval intercept. It is observed that ACI models can be used to

capture some well-known empirical stylized facts, including mean-reversion. For example, β1 > 0

indicates the mean-reversion that historical returns eventually will revert to the long-run mean.
To be noteworthy, we follow Sun et al. [25] and Yang et al. [20] to allow the low bound can be

larger than the high bound in the ITS which is called extended random interval time series (see
details in Sun et al. [25]). Specifically, the ACI model exhibits superior performance in capturing
the dynamics of ITS by employing the estimation of the DK distance.

2.4 MLPI-HoltI Models for High-Frequency Component
The high-frequency component contains linear and nonlinear structures. The linear struc-

ture is the short-term supply-demand disequilibrium, while the nonlinear structure denotes the
market noise. An interest-based hybrid MLPI-HoltI method achieves better results than the
individual forecasting of each structure of high-frequency component [39]. We follow Maia and
de Carvalho [39] to employ the two-step hybrid system. The linear structure ℓt is modeled by
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the HoltI method, and the nonlinear structure is captured by the MLPI method. The residuals
of the HoltI model,

et = It − ℓ̂t, (7)

contain the nonlinear structure of the ITS. After adjusting HoltI model, we model residuals
through an MLPI with 2p input nodes.

et = f(et−1, et−2, . . . , et−p) + ϵt, (8)

where f is a nonlinear function determined by the neutral network; ϵt denotes a random vector of
errors. After using the MLPI to get the predictions of the nonlinear structure êt, the forecasted
high-frequency component provided by the hybrid system is:

Ît = ℓ̂t + êt. (9)

The MLPI-HoltI method does not presume any specific correlation structure in the time
series. The forecasting performance could be improved by separately modeling the linear and
nonlinear structures in the high-frequency component using tailored models and then integrating
the individual forecasts (see more details in Zhang [42]).

3 Benchmark Models
The benchmark models in this study are point-based (GARCH, EAGRCH), range (CARR),

and interval-valued (ACI) models. The GARCH model can characterize the long-term memory
component. Let yCt be the closing price at time t, Y C

t = ln yCt is the log closing price of the
asset at time t, and the log return of the asset from t− 1 to t is ∆Y C

t = Y C
t − Y C

t−1, the models
are as follows:

∆Y C
t = µt + ϵt,

ϵt =
√
htzt, zt ∼ IIDf(·),

ht = w +

p∑
i=1

βiht−i +

q∑
j=1

γjε
2
t−j , (10)

where µt = µ(It−1, θ) is the conditional mean and ht = h(It−1, θ) is the model for vari-
ance var(∆Yt|It−1) with It−1 being the information set available at time t − 1. Zt is resid-
ual fluctuations, which is a white noise and IID sequence of standardized innovations with
E(Zt) = 0, E(Z2

t ) = 1. zt is independently identically distributed to the normal distribution,
t-distribution, skewed t-distribution (SSTD), generalized error distribution (GED) and others
according to data characteristics.

However, the non-negative variance requirement of the GARCH model leads to parameters
being non-negative and unconditional variance being smooth. Additionally, the symmetric effect
of the disturbance term on the variance limits the GARCH model to capture the asymmetric
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characteristics of gasoline markets [43]. Thus, we employ the EGARCH model to mitigate these
issues. The EGARCH model is as follows:

∆Y C
t = µt + ϵt,

ϵt =
√
(ht)zt, zt ∼ IIDf(·),

lnht = w +

p∑
i=1

βi lnht−i +

p∑
j=1

γjg(zt−j), (11)

where g(zt) = θzt + λ[|zt − E(zt)] is the perturbation function introduced in the EGARCH
model. In EGARCH, the range of lnht is the real number set R, which relaxed the parameter
constraints of the GARCH model. The positivity and negativity of parameters w, βi, γj is no
longer constrained. g(zt) satisfies Et−1(g(zt)) = 0. To deal with positive and negative effects,
the perturbation function g(zt) can be written as the following subsection function:

g(zt) =

(θ + λ)zt − λE(zt), zt ≥ 0,

(θ − λ)zt − λE(zt), zt < 0,
(12)

where g(zt) satisfies Et−1(g(zt)) = 0, E(zt) =
√

π/2. When λ ̸= 0, the influence of disturbance
information on price is asymmetric. When λ > 0, time series data are more sensitive to positive
than negative external shocks.

Range data is a more efficient volatility indicator proved by Parkinson [17] and Chou [19].
Range data contains more information than the closing price. For example, Brandt and Jones [44]

found that the standard deviation of the range is merely about 25% of the standard deviation
of absolute return. Chou [19] also showed that the CARR model has better forecast performance
than GARCH-type models. The CARR model is employed as another benchmark model in our
study.

Let Y r
t = Y H

t − Y L
t be the observed range data in time period t, where Y L

t , Y H
t denote the

lowest and highest log-price in time period t respectively. CARR model is described as:

Y r
t = λtεt,

λt = ω +

q∑
i=1

αiYr,t−i +

p∑
j=1

βjλt−j ,

εt|It−1 ∼ f(·), (13)

where λt is the conditional mean E(Y H
t |It−1) of Y r

t based on information set It−1, εt is an
IID standardized nonnegative disturbance with E(εt) = 1. The parameters (ω, αi, βj) of the
conditional mean equation are all positive to ensure the conditional mean is positive. The
distribution of innovation εt is usually set to be the standard exponential distribution.

The last benchmark is the ACI model, that is, we employ the ACI model to forecast interval
range and then generate volatility forecasts; See more discussions in Section 2.
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4 Preliminary Analysis
4.1 Calculations of Volatility

We employ four volatility proxies from the literature to estimate weekly volatility: Range
(RNG), absolute return (ARET), squared return (SRET), and realized variation (RV). The
calculations are followings:

RNGt = Y H
t − Y L

t , (14)

where Y H
t , Y L

t are the logarithms of weekly high and low gasoline prices.

ARETt = |Y C
t − Y C

t−1|, (15)

where Y C
t is the logarithms of the weekly closing price.

SRETt = (Y C
t − Y C

t−1)
2, (16)

RVt =

ti∑
i=0

(Y C
ti − Y C

t(i−1))
2, (17)

where ti is the ith day within t week. Due to the large missing gasoline minute frequency data in
the original data, we follow Chou [19] to use daily data to calculate the weekly realized variation
instead. Y C

ti is the ith daily closing price with each day t.
In this paper, FV denotes forecasted volatility and MV denotes actual volatility (calculated

from Equations (14)∼(17)). To convert forecasting results in range form to volatility in quadratic
form, Chou [19] used the conversion relationship established by Parkinson [17],

ht =
λ2
t

4 ln 2
. (18)

Equation (18) describes the relationship between a range forecast and a variance forecast
when innovations zt of the GARCH model is IID N(0, 1). This range volatility estimator is the-
oretically shown by Parkinson [17] to be 2.5 to 5 times more efficient than the classical estimator
based on closing prices. When zt is IID but not N(0, 1), we follow Zhu et al. [45] to forecast
volatility as following: 

ρ =
Sd2

(εmax − εmin)2
,

FVt = ρ× (Ŷ r
t )

2,

(19)

where Sd, εmax, εmin are standard deviation, the maximum and minimum from the innovation
of a CARR model, Ŷ r

t is the out-of-sample forecast results for range.
To compare the forecasting accuracy of different models, we follow Zhu et al. [45] to convert

forecasting results to volatility. For GARCH family models, the predicted volatility σ is com-
pared with RNG and ARET, and the conditional variance σ2 is compared with SRET and RV.
The interval ranges forecasted by CARR, ACI, and IHDE are also compared with RNG and
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ARET. For forecasting volatility in the quadratic power form, we use the prediction results of
the CARR model to calculate the transformation coefficient ρ of the formula, and the volatility
in the quadratic power form is calculated according to the transformation formula, which is
shown in Equation (19).

4.2 Data Discriptions
The data analyzed in this paper are weekly interval-valued Reformulated Blendstock for

Oxygenate Blending (RBOB) gasoline futures prices Yt. For each week t, the lower and upper
bounds of the interval-valued gasoline price observation Yt are formed using the low and high
daily gasoline future prices within that week. The samples span from January 1, 2007, to
December 31, 2023, and are converted to the logarithmic scale.

Figure 2 shows a series of charts showing the logarithm of high price Y H
t , low price Y L

t ,
midpoint Y M

t , and range RNGt. The Y H
t , Y L

t and Y M
t measure the gasoline price trends, while

the RNGt quantifies the gasoline price fluctuations. Figure 2 shows that the gasoline market
prices fluctuate violently, especially when the range rises while the gasoline prices fall, indicating
a negative correlation between the trends and volatility contained in the range gasoline price
data. Meanwhile, studies have shown that interval-valued gasoline prices may have the same
range but different price levels in different periods, and similar price levels that occur in different
periods may be accompanied by completely different ranges, indicating that interval-valued
prices contain more information gain than point value price data.

2008
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2018

2020
2022

2024

-1.0

-0.5

0.0
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1.0

1.5

Low Mid High

-0.2
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0.2
0.3
0.4
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Figure 2 The weekly interval-valued gasoline price from Jan. 1, 2007, to Dec. 31, 2023

Table 1 shows the descriptive statistical results of each indicator. Among them, Y L
t is

the lowest price, Y H
t is the highest price, and Y M

t is the midpoint (Y M
t = (Y L

t + Y H
t )/2).

RNG, ARET, SRET, and RV are the volatility indicators. On the one hand, compared to
the Y H

t and Y M
t , the standard deviation and range of Y L

t are larger, indicating a greater
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Table 1 Descriptive stastics

Y L Y H Y M RNG ARET SRET RV

Mean 0.679 0.755 0.717 0.076 0.040 0.003 0.003
Sd 0.324 0.304 0.314 0.046 0.040 0.010 0.007
Median 0.703 0.767 0.731 0.065 0.029 0.001 0.002
Min −0.775 −0.402 −0.589 0.017 0.000 0.000 0.000
Max 1.399 1.465 1.432 0.408 0.435 0.189 0.098
Skew −0.683 −0.402 −0.540 2.944 3.216 11.781 8.910
Kurtosis 0.693 −0.168 0.205 14.031 19.439 186.103 97.493

Note: The table presents the descriptive statistics for a sample of weekly gasoline price and
volatility from Jan. 1, 2007, to Dec. 31, 2023. Y L, Y H , Y M , and RNG are the low, high,
midpoint, range of gasoline log prices with a week. Sd is the standard deviation.

degree of dispersion. Meanwhile, Y L
t , Y H

t , and Y M
t all exhibit a negatively skewed distribution,

with Y L
t and Y M

t exhibiting a peak distribution and Y H
t exhibiting a low peak distribution,

indicating that gasoline prices are concentrated at higher levels within the sample interval, but
the distribution of the highest prices is flatter. On the other hand, RNG and ARET have higher
mean values and greater dispersion compared to SRET and RV. All four indicators exhibit a
positively skewed distribution and a peak distribution, indicating that the volatility of gasoline
prices is concentrated at a relatively low level within the sample interval.

5 Empirical Results
5.1 Forecast Criteria

We use root mean square error (RMSE) and mean absolute error (MAE) to evaluate the
prediction accuracy of different prediction methods:

RMSE =

√√√√ 1

T

T∑
t=1

(MVt − FVt)2, (20)

MAE =
1

T

T∑
t=1

|MVt − FVt|, (21)

where MVt and FVt denote actual volatility and forecasted volatility.

5.2 Out-of-Sample Forecasting Results
This subsection demonstrates the interval forecasting performance of our IHDE learning

approach by using interval-valued gasoline prices. We compare the forecasting performance of
the proposed IHDE approach with the benchmarks (i.e. GARCH, EGARCH, CARR, ACI).
We select RBOB Gasoline Continuous Contract price as the experimental datasets of ITS from
NYEX markets, downloaded from tradingview.com. Our sample datasets consist of 886 interval-
valued data of spot price spinning from Jan. 1, 2007, to Dec. 31, 2023. We choose 70% of the
sample as the training set and 20% as the test sets.

tradingview.com
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We decompose gasoline prices into high- and low-frequency components based on MVMD.
Figure 3 shows the MVMD results of gasoline prices with different frequencies from Jan. 1, 2007,
to Dec. 31, 2023. The low-frequency component shows the fundamental factors of gasoline price
fluctuations. For example, during the initial outbreak period of COVID-19 in early 2020, many
countries implemented lockdown policies, leading to decreased travel demand and consequently
diminished gasoline consumption. Thus, the low-frequency component of gasoline price reached
its lowest on April 16, 2020. In the first half of 2022, the oil production increase plan formulated
by OPEC+ failed to materialize, leading to a tightening of the oil supply. At the same time, the
Russian-Ukrainian conflict has increased the geopolitical risks in the crude oil market, fuelling
supply constraints. As a result, the low-frequency component reached its highest in the last
week of June 2022. The high-frequency component is more volatile than the low-frequency
component, presenting the market noise and short-term supply-demand disequilibrium.
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Figure 3 The MVMD results of weekly interval-valued gasoline price from Jan. 1, 2007,
to Dec. 31, 2023

Then, we employ a hybrid MLPI-HoltI to forecast interval-valued high-frequency compo-
nents. The HoltI model separates the linear structure of the high-frequency component, captur-
ing the short-term supply-demand disequilibrium. The MLPI models the nonlinear structure,
such as unobserved market behaviors. We optimize smoothing parameter matrices A and B
within the range of (0, 1) by minimizing the interval sum of squared errors of one-step ahead
forecast and solve the optimization problem by the limited memory Broyden-Fletcher-Goldfarb-
Shanno algorithm method for bound constrained optimization (L-BFGS-B) which is provided in
the R package ‘optimx’. The best number of inputs and hidden nodes selected by the simulation
approach is used for the MLPI method. A set of neural networks with different numbers of
inputs and hidden nodes are trained by trial and error testing, and the best combination of
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the two values is determined by the sum of the squared errors of the fifty iterations. We use
fifty iterations of the conjugate gradient algorithm, where the initial weights are applied ran-
domly to mitigate the issue of local minima [39]. Third, we employ ACI models to forecast the
low-frequency component and ensemble the forecasted interval-valued high- and low-frequency
components to produce the forecasted volatility of gasoline. Finally, we compare the forecasting
performance through RMSE and MAE measures by Equation (20) and Equation (21).

Panel A of Table 2 reports the two forecasting criteria of one-step-ahead forecasts for the
weekly volatility of gasoline. Meanwhile, we employ the DM test to assess the performance
difference between different models. Table 3 reports the results. The IHDE performs most
accurately in all cases, indicating the gain of using information contained in ITS data and
nonlinearity for volatility forecasting.

Table 2 Forecast performance

Volatility RNG ARET SRET RV

Criteria RMSE MAE RMSE MAE RMSE MAE RMSE MAE

Panel A: Forecast performance criteria during 01/01/2007–31/12/2023.
Out-of-sample size: 20% of the sample

GARCH 89.3561 82.5442 55.6904 42.4364 6.4376 3.2725 4.3690 3.0284
EGARCH 88.4501 81.5626 54.9467 41.5200 6.4351 3.2679 4.3656 3.0235
CARR 81.5666 74.0065 49.5286 35.2443 6.3845 3.1837 4.2959 2.9211
ACI 79.9486 72.8677 48.5781 34.3542 6.3609 3.1547 4.2421 2.8807
IHDE 78.6719 71.5115 47.3018 33.3396 6.3356 3.1324 4.2262 2.8510
Panel B: Forecast performance criteria during 01/01/2007–31/12/2023.
Out-of-sample size: 30% of the sample

GARCH 106.4098 89.7434 67.4898 46.3903 15.7373 4.6994 12.3716 4.6679
EGARCH 102.5607 85.1442 64.4159 42.2855 15.7267 4.6682 12.3582 4.6324
CARR 99.8069 81.8016 62.3028 39.5892 15.7113 4.6261 12.3387 4.5802
ACI 94.6805 78.7590 59.1790 37.4119 15.6061 4.5576 12.1143 4.4636
IHDE 91.9999 75.6916 57.2408 35.7953 15.5329 4.4969 12.0024 4.3478
Panel C: Forecast performance criteria during 01/01/1998–31/12/2023.
Out-of-sample size: 20% of the sample

GARCH 104.0476 87.2412 65.6006 44.1998 15.5917 4.6400 12.2561 4.6039
EGARCH 102.6132 85.5253 64.4615 42.7148 15.5870 4.6261 12.2501 4.5878
CARR 99.6001 81.9036 62.1342 39.7496 15.5712 4.5826 12.2301 4.5347
ACI 95.1044 79.3749 59.3934 37.8942 15.4806 4.5254 12.0365 4.4393
IHDE 92.1221 76.2943 57.1609 36.0632 15.3867 4.4554 11.8936 4.3223

Note: Unit: 10−3.

First, comparing the forecasting accuracy between the traditional GARCH, EGARCH, range
models and the interval-valued forecasting methods (ACI, IHDE), we can see that, whatever
accuracy measure is employed, the interval-valued models outperform the traditional forecasting
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Table 3 DM test results for out-of-sample forecasting using a 20% sample from Jan. 1,
2007, to Dec. 31, 2023

Model EGARCH CARR ACI IHDE

Panel A: RNG

GARCH 9.4422e+12 (0.000) 144.01 (0.000) 32.60 (0.000) 42.58 (0.000)
EGARCH 127.46 (0.000) 29.29 (0.000) 38.79 (0.000)
CARR 3.70 (0.000) 8.93 (0.000)
ACI 5.20 (0.000)

Panel B: ARET

GARCH 37.02 (0.000) 23.07 (0.000) 18.75 (0.000) 19.77 (0.000)
EGARCH 21.35 (0.000) 17.13 (0.000) 18.34 (0.000)
CARR 2.92 (0.004) 6.48 (0.000)
ACI 3.87 (0.000)

Panel C: SRET

GARCH 36.53 (0.000) 20.21 (0.000) 11.88 (0.000) 14.93 (0.000)
EGARCH 19.54 (0.000) 11.47 (0.000) 14.52 (0.000)
CARR 3.31 (0.001) 6.72 (0.000)
ACI 3.12 (0.002)

Panel D: RV

GARCH 1.1682e+13 (0.000) 72.25 (0.000) 17.38 (0.000) 27.23 (0.000)
EGARCH 68.94 (0.000) 16.80 (0.000) 26.47 (0.000)
CARR 4.65 (0.000) 10.07 (0.000)
ACI 4.20 (0.000)

Note: The corresponding p-value is given in parentheses.

methods. Compared with benchmark models, the HIDE approach has a maximum prediction
accuracy improvement rate of 27.34%. This is because of the information gained from interval-
valued data and the ability to capture the characteristics of different frequency components. The
interval-valued gasoline price contains more information (i.e., price trends, and price variations)
than the point-valued series. For example, the last week of Dec. 2013 and the second week of
Dec. 2019 have the same range ($ 0.705 per gal), while the midpoint prices are $ 2.81 per gal
and $ 1.65 per gal, respectively. Thus, the interval-valued models perform better in volatility
forecasting with the information gained from the intervals, which is consistent with Sun et al. [25].

Second, the HIDE approach has a better forecast performance than the ACI model. The
HIDE approach captures the features of different frequency components of gasoline volatility
by using interval-valued prices. Thus, the HIDE model has improved prediction accuracy by
0.39%∼6.20% compared with the ACI model, indicating the importance of the “divide and
conquer” principle in gasoline volatility forecasting.



Can a Hierarchical Approach Using Interval Information Improve Gasoline Volatility Forecast? 339

Third, it is worth highlighting that nonlinear models consistently outperform linear coun-
terparts, such as the EGARCH model outperforms the GARCH model, and the IHDE model
outperforms the ACI model. This happens because the gasoline market has nonlinear char-
acteristics. In particular, the MVMD method employed in the proposed IHDE approach takes
advantage of “divide and conquer” and provides a new way to forecast volatility according to dif-
ferent frequency components. The MLPI method employed in this study captures the nonlinear
characteristics of ITS data.

Furthermore, interval-valued models such as the ACI and IHDE outperform the CARR
model. The range data modeled by the CARR loses the price trends’ information contained in
intervals due to the range calculations. While the interval-valued models can fully utilize the
price trends and variations within an interval. It supports the idea that combining price trends
and uncertainty information is important for volatility forecasting.

To test the robustness of forecast evaluation, we change the out-of-sample and whole sample
sizes, respectively. In the first robustness test, we choose 30% samples as test sets. In the second

Table 4 DM test results for out-of-sample forecasting using a 30% sample from Jan. 1,
2007, to Dec. 31, 2023

Model EGARCH CARR ACI IHDE

Panel A: RNG

GARCH 7.3071e+08 (0.000) 1286.63 (0.000) 25.08 (0.000) 24.80 (0.000)
EGARCH 541.52 (0.000) 14.58 (0.000) 16.68 (0.000)
CARR 6.94 (0.000) 10.77 (0.000)
ACI 7.50 (0.000)

Panel B: ARET

GARCH 36.89 (0.000) 30.83 (0.000) 18.76 (0.000) 15.97 (0.000)
EGARCH 22.93 (0.000) 11.32 (0.000) 10.60 (0.000)
CARR 5.46 (0.000) 6.72 (0.000)
ACI 3.98 (0.000)

Panel C: SRET

GARCH 32.84 (0.000) 26.91 (0.000) 6.81 (0.000) 6.27 (0.000)
EGARCH 22.69 (0.000) 5.36 (0.000) 5.34 (0.000)
CARR 3.36 (0.001) 4.08 (0.000)
ACI 3.03 (0.003)

Panel D: RV

GARCH 1.8092e+09 (0.000) 404.10 (0.000) 9.18 (0.000) 9.97 (0.000)
EGARCH 240.51 (0.000) 7.59 (0.000) 8.86 (0.000)
CARR 5.24 (0.000) 7.24 (0.000)
ACI 6.02 (0.000)

Note: The corresponding p-value is given in parentheses.
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robustness test, we expand the sample period from Jan. 1, 1998, to Dec. 31, 2023, and choose
20% of the sample as test sets. The results in Panel B and Panel C of Table 2, Table 4, and
Table 5 are also robust, supporting that IHDE outperforms all benchmarks.

Table 5 DM test results for out-of-sample forecasting using a 20% sample from Jan. 1,
1998, to Dec. 31, 2023

Model EGARCH CARR ACI IHDE

Panel A: RNG

GARCH 1.4507e+15 (0.000) 234.84 (0.000) 19.54 (0.000) 20.29 (0.000)
EGARCH 159.35 (0.000) 15.28 (0.000) 17.11 (0.000)
CARR 6.30 (0.000) 10.38 (0.000)
ACI 8.34 (0.000)

Panel B: ARET

GARCH 28.89 (0.000) 26.06 (0.000) 15.21 (0.000) 13.70 (0.000)
EGARCH 23.97 (0.000) 12.26 (0.000) 11.65 (0.000)
CARR 5.15 (0.000) 7.03 (0.000)
ACI 4.95 (0.000)

Panel C: SRET

GARCH 28.80 (0.000) 25.17 (0.000) 6.53 (0.000) 6.12 (0.000)
EGARCH 23.54 (0.000) 5.77 (0.000) 5.68 (0.000)
CARR 3.33 (0.001) 4.28 (0.000)
ACI 3.77 (0.000)

Panel D: RV

GARCH 2.3073e+14 (0.000) 163.52 (0.000) 8.62 (0.000) 9.07 (0.000)
EGARCH 125.64 (0.000) 7.78 (0.000) 8.55 (0.000)
CARR 5.00 (0.000) 6.84 (0.000)
ACI 6.32 (0.000)

Note: The corresponding p-value is given in parentheses.

In summary, the above empirical results have yielded several key findings. Firstly, the pro-
posed IHDE approach significantly outperforms all benchmarks regarding forecasting accuracy
and the priority of models, indicating that the “divide and conquer” can effectively capture
the volatility characteristics of different frequency components. Secondly, the nonlinear models
outperform corresponding linear models. Specifically, the nonlinearity in the high-frequency
component is more important. Thirdly, the interval-valued model outperforms the point-valued
model, supporting that the informational advantage improves the volatility forecasting ability.

6 Conclusion
This study proposes a novel IHDE volatility forecasting approach for gasoline volatility us-

ing ITS data. In this approach, we employ MVMD to decompose and ensemble the complex
gasoline price into low- and high-frequency components. To capture the volatility’s fundamental
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dynamics of long-term trends, the ACI model is employed to forecast low-frequency component.
To capture the market noise and short-term demand-supply disequilibrium impacts on gasoline
volatility, the MLPI-HoltI method is applied to forecast high-frequency component. The fore-
casted low- and high-frequency components are ensemble to generate the forecasted volatility.
The empirical analysis demonstrated that our IHDE significantly outperforms all benchmarks
with different sample sizes and forecasting periods. Our study emphasizes the importance of dif-
ferent components’ characteristics and informational gain of interval-valued prices for volatility
forecasting.

The empirical results of this study are critical for the government to implement policies to
manage inflation and to help investors manage risks. Our approach can also be extended to
stock markets, crude oil markets, exchange rate markets, etc. In future work, we can integrate
related factors in our approach, such as structural breaks in energy markets, economic indexes,
and policy uncertainties. The asymmetric characteristic of gasoline volatility also remains to be
studied.
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A Appendix
A.1 Estimation for ACI Models

Han et al. [41] proposed the estimation methods for ITS by minimizing squared DK distance.
The DK distance method can be used to estimate unknown parameters ϕ = (α0, βi, γi)

′ in
Equation (6) for minimizing squared DK distance between the fitted interval value and observed
interval value:

Q̂T (ϕ) =

T∑
t=1

D2
K [∆Yt,∆Ŷt(ϕ)], (A1)

where ∆Ŷt(ϕ) is the fitted value of ∆Yt(ϕ) based on Equation (6). The squared DK distance
between ∆Yt and ∆Ŷt is defined as:
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t )

)
, (A2)

where K =

(
KLL KLU

KUL KUU

)
is a positive definite matrix. The parameters ϕ = (α0, βi, γi)

′ can

be estimated as follows:

ϕ̂ = arg min
ϕ∈Φ

T−1
T∑

t=1

D2
K [∆Yt,∆Ŷt(ϕ)]. (A3)

The DK metric considers the set of absolute differences between all possible pairs of points
(range and interior points) in random extended intervals A and B with a proper weighting
function implied by matrix K. Thus, the ACI model utilizes the interval information more
efficiently than conventional point-valued time series models [32].
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