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Abstract 

Physical monotonicity is a pervasive phenomenon in the aerodynamic characteristics 
of aircraft, where the aerodynamic lift consistently increases with the angle of attack 
within the stalling range. Existing machine learning models for aerodynamic predic-
tions often overlook this monotonicity, resulting in poor interpretability and credibility. 
To address this issue, we introduce a monotonic model, the Deep Lattice Network, 
which integrates the monotonicity constraint of the lift coefficient into machine learn-
ing based aerodynamic prediction framework. In this paper, we propose a novel deep 
learning model, Deep Lattice Cross Network, which aims to rapidly predict aerody-
namic forces with high precision while ensuring monotonic constraints. Multi-Task 
Learning method is utilized to simultaneously predict both lift and drag coefficients, 
thereby enhancing the efficiency of the model. To optimize the training process 
and minimize costs, we adopt a unique two-phase deep network training strategy. 
Based on computational fluid dynamics simulation datasets of a morphing aircraft, 
the model is trained, and the efficacy of the model is tested by two interpolation 
and two extrapolation datasets. The results show a remarkable alignment with com-
putational fluid dynamics outcomes across all test scenarios. Extended testing 
across a wider range of attack angles further highlights the superiority of the Deep Lat-
tice Cross Network in upholding monotonicity. Incorporating monotonicity constraints 
not only improves predictive accuracy of the model but also greatly enhances its physi-
cal interpretability, which is crucial for advancing the development of more depend-
able aerodynamic prediction models.

Keywords:  Monotonicity constraints, Morphing aircraft, Unsteady aerodynamic force, 
Deep learning

1  Introduction
Deep learning’s capacity to predict aerodynamic parameters with high precision and 
swiftness is transforming the field, offering insights in real-time that were previously 
unattainable [1, 2]. Advances in physics-informed deep learning have further enhanced 
the interpretability and adherence of these predictions to fundamental physical laws [3].

The ‘physics-informed neural networks’ (PINNs) family is a well-known physics-
informed deep learning algorithm [3, 4]. PINN is a new class of universal function 
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approximators proposed by Raissi et al. [4]. It has the ability to encode any underlying 
physical laws that govern a given data-set and can be described by partial differential 
equations. As soon as it was proposed, PINN drew a lot of interest. Many works based 
on it have been conducted with positive results in the field of fluid mechanics. Yang et al. 
[5] proposed a Bayesian PINN to solve forward and inverse Partial Differential Equations 
(PDE) problems and showed that Bayesian PINNs have the capability of avoiding overfit-
ting and obtaining more accurate predictions in scenarios even with large noise. Raissi 
et al. [6] developed a physics-informed deep learning framework, hidden fluid mechan-
ics, to extract velocity and pressure fields directly from images. Hidden fluid mechanics 
can encode the Navier–Stokes (NS) equations into neural networks while being agnostic 
to the geometry or the initial and boundary conditions, which is robust to low resolution 
and substantial noise in the observation data. Cai et al. [7] proposed a novel machine 
learning algorithm based on PINNs to extract information on the 3D velocity and pres-
sure fields above an espresso cup from temperature data of Tomo-BOS experiments. Sun 
et al. [8] devised a structured deep neural network (DNN) architecture to approximate 
the solutions of the parametric NS equations, in which the boundary conditions are 
satisfied automatically. They tested the proposed methods on three flow cases relevant 
to cardiovascular applications, and the results showed great agreement with Computa-
tional Fluid Dynamics (CFD) simulations.

Beyond PINNs, a variety of physics-informed machine learning models have emerged, 
embedding physical constraints within DNNs to enhance their predictive power. Ling 
et  al. [9] used a multiplicative layer with an invariant tensor basis to embed Galilean 
invariance into the network architecture, and  the prediction accuracy in turbulence 
modelling was significantly improved in test cases. Sheng and Yang [10] presented a pen-
alty-free neural network method to solve a class of second-order boundary-value prob-
lems on complex geometries. Numerical experiments demonstrated that their method 
was more accurate, flexible and robust than previous state-of-the-art methods. Darbon 
and Meng [11] proposed new connections between neural network architectures and 
viscosity solutions to certain Hamilton–Jacobi PDEs. Lu et  al. [12] used multi-fidelity 
NNs to extract material properties from instrumented indentation data.

Karniadakis et al. emphasized that embedding physical constraints into DNNs is cru-
cial for physics-informed machine learning [3]. Monotonicity, a typical prior knowledge 
and physical constraint, has been taken into account in many real-world machine learn-
ing applications such as loan approval, house pricing prediction, bankruptcy prediction, 
etc. [13], as well as physics-informed machine learning [1]. Many researchers have pro-
posed DNN models with monotonic constraints. Among these monotonic neural net-
works, restricting network weights to non-negative values may be the simplest way for 
creating monotonic models [14, 15]. However, this simple monotonic constraint method 
may limit DNN performance and predictability. In order to increase the performance 
while maintaining the monotonicity constraint, many complex methods have been pre-
sented. Based on monotonic linear embedding and min-max-pooling, Sill proposed a 
three-layer network with monotone functions [16]. Daniels and Velikova extended Sill’s 
technique to partially monotonic functions by combining min-max-pooling and par-
tial monotonic linear embedding [15]. In addition to min-max-pooling, some models 
based on lattice, a kind of look-up table, have been proposed to ensure monotonicity. 
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Gupta et al. proposed monotonic lattice regression, which was achieved by adding linear 
inequality constraints to make adjacent look-up table parameters to be monotonic [17]. 
Canini et al. proposed multidimensional flexible monotonic networks based on ensem-
bles of lattices [18]. Combining linear embeddings, calibrators and ensembles of lattices, 
Deep Lattice Networks (DLNs) were proposed and outperformed previous monotonic 
methods [19].

In the field of aircraft aerodynamics, monotonicity is evident. For instance, the lift 
coefficient (Cl) typically increases with the angle of attack within a certain range. In the 
current study, we introduce the monotonicity constraint into the deep network predic-
tion model of a morphing aircraft, aiming to achieve more reliable and interpretable pre-
dictions of Cl . A novel machine learning model DLN [19] is utilized to guarantee the 
monotonicity of Cl with respect to angle of attack (α) . Besides, Cross Layer [20] is used to 
predict drag coefficient (Cd) to make use of the limited training data effectively. Based on 
Lattice method and Cross Layer, a novel data-driven model, Deep Lattice Cross (DLC) 
Network, is proposed to predict the unsteady aerodynamic force of a three-dimensional 
morphing aircraft while taking monotonicity into account.

A unique two-phase training strategy based on the Multi-Task  Learning (MTL) 
method is utilized in network training. This approach allows the DLC to make better use 
of limited training data while conserving computing resources [21]. Furthermore, this 
strategy refines the prediction accuracy for both Cl and Cd.

This paper is organized as follows. In Section  2, the folding wing model and 
the  method of constructing aerodynamic parameters dataset are explained. In Sec-
tion 3, we introduce the architecture of DLC model and the two-phase network training 
method. In Section 4, the performance of the trained model in different flow conditions 
is evaluated. Finally, in Section 5, we summarize the current work and demonstrate the 
results of our research.

2 � Data preparation
In this section, the preparation of networks training and testing datasets is discussed. 
The three-dimensional morphing aircraft model is briefly introduced. The three-dimen-
sional CFD method used to obtain the aerodynamic forces is then illustrated and vali-
dated with wind tunnel experiment results.

2.1 � Morphing aircraft model

The morphing aircraft are designed to be conveniently loaded and be quickly launched 
by mother platform. A typical morphing aircraft model [22] is demonstrated in Fig. 1, 
which includes a pair of folding wings, a fixed fuselage and a pair of V-tails. To real-
ize safe launch and steady flight, the wings should be quickly unfolded in the air. In the 
unfolding process, the wings substantially vary in an open “V” style. In low-speed flight, 
the wing is almost straight with low-sweep. In high-speed flight, the wing morphs to a 
high-sweep angle according to the flight velocity. When in loading or launching state, 
the wing is absolutely folded under the fuselage belly. The aerodynamic characteris-
tics during the unfolding process are the fundament for dynamic modeling, flight con-
trol and folding driving system design. Aerodynamic forces and moments vary in the 
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unfolding process. CFD method will be applied here to obtain the aerodynamic forces 
and moments in the unfolding process.

2.2 � Computational fluid dynamics method and validation

The required aerodynamic parameters database of aircraft is obtained by CFD calcula-
tion. In numerical modeling, compressible Reynolds Averaged Navier–Stokes equations 
are solved with the  finite volume method. The k-ω SST turbulence model is used for 
the current solver. The numerical simulations are carried out using the CFD software, 
ANSYS Fluent 2019 R1.

To simulate the dynamic unfolding process, structured overset meshes with a total 
cell number of 4.46 million were applied for all the following simulations. The overset 
meshes are divided into five components, one for the fuselage, two for the wings and two 
for the tails, as shown in Fig. 2a. Each component has an independent structured overset 
mesh. The background zone is divided into two parts, the inner structured zone and the 
far field unstructured zone, as shown in Fig. 2b.

The pressure far-field boundary condition (Ma = 0.4) is applied for the outer domain 
of the cuboid. All components of the aircraft are set as no-slip wall conditions. Overset 
boundary conditions are utilized for the outside domains of each component.

To verify the accuracy of the  CFD method, a wind tunnel experiment was carried 
out for the 50% scaled aircraft model, in which four sweep states (unfolding angles 
β = 0◦, 30◦, 60◦, 90◦ ) are tested, respectively. In the experiment, the inflow Mach num-
ber is 0.4 and the aircraft model is under the angles of attack α = 4◦ and 8◦ , respectively. 
Experimental data and CFD predictions for Cl and Cd are compared in Fig. 3. The results 
demonstrate that the simulation lines agree well with the experimental data both for Cl 
and Cd . The calculation accuracy of the CFD method is validated. For more details on 
aircraft models, wind tunnel experiments, and CFD methods, please refer to a previous 
article [22].

2.3 � Dataset preparation

Nine cases with angles of attack α = [−4◦,−2◦, 1◦, 2◦, 4◦, 6◦, 8◦, 10◦, 12◦] are selected 
as training dataset. Testing dataset contains 4 cases at α = [−5◦, 3◦, 9◦, 14◦] . Two of 
them are interpolation datasets used to test the learning effect. The other two are 
extrapolation datasets used to test the generalization ability. Besides, two cases of 

Fig. 1  Three typical states of the morphing aircraft
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extremely small α = [−10◦,−15◦] are used to verify the monotonicity trend of aer-
odynamic parameters. The simulation time step  is �t = 0.01 s , including 201 time 
points during a whole morphing process when T = 2 s . Figure 4 shows seven aerody-
namic parameters calculated by the CFD method. There are three input parameters 
for the DLC model: angle of attack α , time t and unfolding angle β . The outputs are 
the aerodynamic parameters Cl and Cd during the process of unfolding.

Fig. 2  Structured overset grids for CFD

Fig. 3  Comparison between CFD results and experimental data under different unfolding angles
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3 � Deep learning method
3.1 � Deep Lattice Cross Network

Previous study on three-dimensional morphing aircraft unsteady aerodynamic force 
prediction focused on solving sparse input features problems using Cross Layer and got 
satisfactory results [20]. Although Cross Layer has incorporated some prior knowledge 
such as processing α and t,β separately, it still resembles a black box, lacking in inter-
pretability. As depicted in Figs. 4 and 5, we possess crucial prior knowledge: Cl exhibits a 
monotonic increasing trend with respect to α , whereas Cd does not. Thus, ensuring the 
monotonicity of Cl within a particular range of α can make the prediction model more 
reliable and interpretable.

In this research, Lattice Layer [17, 19] is utilized to guarantee the monotonicity of Cl . 
For the prediction of Cd , Cross Layer [20] is still used to make use of the limited training 
data effectively. Besides, the MTL method is utilized to complete the prediction for both 
Cl and Cd.

The overall structure of DLC is shown in Fig. 6. t and β are processed by shared bottom 
NShare and then input into two shared towers: NCl,NCd . For the prediction of Cd , α is 
input into Nα and Cross operation is performed to obtain the result value. For predic-
tion of Cl , α is input into Lattice Layer to guarantee the monotonicity and inner product 
is performed to integrate the outputs of NCl and Lattice Layer. Multilayer Perceptron 
(MLP) layers are used in NCl,NCd,Nα and NShare.

Fig. 4  Unsteady aerodynamic parameters in the unfolding process

Fig. 5  Unsteady aerodynamic parameters at the unfolding time t = 1.0 s
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Cross Layer [20] was proposed to effectively fuse the external flow field and aircraft 
properties while making full use of sparse input features and limited training data. The 
Cross Layer is made up of product part, linear part and bias term, which has the formula:

where x denotes the vector concatenated by Nα with NCd . xi, xj ∈ x, and wL denotes the 
weight matrix of linear part. wPij denotes the element of product part weight matrix. bCd

 
denotes the bias term. The architecture of Cross Layer is shown in Fig. 7.

3.2 � Lattice Layer

The classical DLN [19] model has been modified to make the lattice method with 
monotonicity guarantees more suitable for predicting aerodynamic parameters. Three 
types of  modules are contained in the  Lattice Layer: Monotonic Embedding Layer 
(MEL), Calibration Layer and Ensemble of Lattices Layer.

Different from Linear Embedding Layer used in DLN, MEL is the simplest neural 
network that only contains input and output layers without hidden layers. To ensure 
that the outputs of MEL are monotonic with respect to inputs, network weight values 

(1)Cd =

d

i=1

d

j=i+1

wPijxixj + wLx + bCd
,

Fig. 6  Overall structure of DLC
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are constrained to be non-negative. Without activation function, MEL only performs 
linear mapping. The mapping formula is:

where Wmo denotes the non-negative weight matrix, b denotes the bias, xE is the input 
vector, and yE is the output vector. Basically, MEL plays a role in embedding input 
features in Lattice Layer to expand the dimension of input features and enhance the 
learning ability of the deep network. Therefore, the length of the output vector yE is gen-
erally greater than the length of the input vector xE . In this research, as shown in Fig. 6, 
the input of Lattice Layer only contains one feature α.

Calibration Layer is a one-dimensional piecewise linear transform, which has 
a  fixed input range [xCL,min, xCL,max] and a  fixed key point Kp . The two-dimensional 
coordinates of the k-th ( k = 1, · · · ,Kp ) key point are (ak , bk) . a is uniformly distrib-
uted within [xCL,min, xCL,max] and has a1 = xCL,min, ak = xCL,max . In order to constrain 
the Calibration Layer to be monotonic with monotonic inputs, linear inequality con-
straints are added.

The range of output [yCL,min, yCL,max] is generally set as [0, 1]. An intuitive Calibra-
tion Layer example with five fixed key points is shown in Fig. 8.

Ensemble of Lattices Layer consists of G lattices. Lattice is a linearly interpolated mul-
tidimensional look-up table. For an S-dimensional lattice, the input is also S-dimensional 
and has a parameter vector θL that contains 2S parameters. In this study, all parameters 
θL are used to process input α and are independent of inputs t and β . Multilinear inter-
polation method is used in this research [19]. For the S-dimensional input xL represent-
ing the angle of attack α processed by MEL and Calibration Layer, it is not a single value, 
but a vector: xL(d) ∈ [0,1] , where d denotes the d-th component of xL . The interpolated 
value fL(xL) = ∅(xL)

T
θL , and ∅(x) is the result of a non-linear feature transformation 

(2)yE = WmoxE + b,

(3)bk ≤ bk+1, (k = 1, . . . ,Kp − 1).

Fig. 7  Architecture of Cross Layer for Cd prediction
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that transforms the S-dimensional input xL to 2S-dimensional feature, which has the 
formula:

where j is the j-th parameter in 2S-dimensional feature ∅(x) . vj = [p1, · · · , pS] , which 
can be regarded as the vertex coordinates of an S-dimensional cube with a side length of 
1.

In order to ensure the monotonicity of fL(xL) with respect to a specified input xL(d) , 
for all k , k ′ , one must check that θL(k ′) > θL(k) for each pair of adjacent k and k ′  in 
the lattice direction of the input, i.e., vk(d) = 0, vk ′(d) = 1 and vk(m) = vk ′(m) for all 
m  = d. xL consists of multiple Calibration Layer outputs concatenated together, as the 
output of Calibration Layer is only a value. Therefore, for all d , the monotonicity of 
fL(xL) with respect to xL(d) should be ensured.

For example, when S = 2 , a schematic diagram of the unit lattice hypercube is shown 
in Fig. 9. In this study, S is set to 3 to achieve higher prediction accuracy while ensuring 
reasonable computational complexity. A 2 × 2 lattice interpolated with multilinear inter-
polation has the formula:

Assume that fL(xL) is monotonically increasing with respect to xL(1) , the partial 
derivative must satisfy ∂fL(xL)/xL(1) > 0 . For vk(1) = 0, vk ′(1) = 1 and vk(2) = vk ′(2) , 
according to Fig.  9, it can be concluded that θL(4) > θL(2) and θL(3) > θL(1) . As 
xL(2) ∈ [0,1] , it can be proven that:

Thus fL(xL) is monotonically increasing with respect to feature xL(1). Readers can refer 
to Gupta et al. for details [17].

(4)∅(xL)[j] =

S∏

d=1

xL(d)
vj(d)(1− xL(d))

1−vj(d),

(5)
fL(xL) =θL(1)(1− xL(1))(1− xL(2))+ θL(2)(1− xL(1))xL(2)+

θL(3)xL(1)(1− xL(2))+ θL(4)xL(1)xL(2).

(6)∂fL(xL)/xL(1) = (1− xL(2))(θL(3)− θL(1))+ xL(2)(θL(4)− θL(2)) > 0.

Fig. 8  A Calibration Layer with five fixed key points
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As all three modules (Monotonic Embedding Layer, Calibration Layer, and Ensemble of 
Lattices Layer) can ensure that the output is monotonic with respect to a specified input, 
the Lattice Layer can as well. In this research, the input of Lattice Layer only contains α , 
considerably reducing the complexity of ensuring monotonicity.

3.3 � Two‑phase training method

The DLC model will be used to map unsteady aerodynamic parameters of the morphing 
aircraft at various angles of attack. The mapping functions of the aerodynamic param-
eter prediction layers are:

where Cl ,Cd denote the aerodynamic parameters, lift coefficients and drag coefficients. 
α denotes the angle of attack, t denotes time, and β denotes the wing unfolding angle. 
θCl , θCd are the trainable network parameters only for predictions of Cl and Cd,  and 
θ share is the trainable network parameters for Nshare.

For the training process of DNN, the selection and adjustment of loss functions are 
an important part of model tuning [23]. In this study, after repeated experiments, Mean 
Absolute Percentage Error (MAPE) and Mean Absolute Error (MAE) were used to train 
Cl and Cd separately. However, it’s difficult to balance these two loss functions to obtain 
satisfactory training results if Cl and Cd are trained simultaneously. In order to solve this 
problem and reduce the training cost of finding the optimal equilibrium point that may 
exist, two-phase training method is introduced in this model.

As shown in Fig. 6, the training process of DLC is divided into two phases. For phase 1, 
network parameters θCd and θ share are trained. All network parameters that take part in 
Cd prediction are trained in this phase. MAPE is chosen as the loss function of phase 1, 
which is defined as:

(7)
{
Cl = fCl(α,β , t, θCl , θshare)
Cd = fCd(α,β , t, θCd , θshare)

,

Fig. 9  Two-dimensional lattice diagram
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where C denotes the prediction values and Ĉ denotes the real result based on CFD 
simulation.

Network parameters θCd and θ share are fixed after trained in phase 1. For phase 2, θCl 
are trained and MAE is chosen as the loss function, which is defined as:

MAE is an absolute measure of prediction error, while MAPE is a relative measure that 
expresses the error as a percentage of the actual value. MAE is more straightforward to 
interpret as it is in the same units as the data, whereas MAPE provides a relative meas-
ure that can be useful for comparing models across different scales or datasets. Since the 
optimization objective is to reduce the relative error between the prediction and CFD 
results, MAPE was selected as the overall evaluation metric to assess the quality of train-
ing results.

Network weights and biases are trained by the backpropagation algorithm. The opti-
mizer used in this research is Adaptive Moment Estimation, a stochastic gradient 
descent method that calculates the adaptive learning rate of each parameter [24]. Ten-
sorFlow is applied to establish the deep network structure and train this model [25].

The number of layers and nodes, the activation function of each layer, and the learn-
ing rate are the primary hyperparameters that are crucial for deep network training. The 
hyperparameters are repeatedly optimized to obtain a suitable set. The learning rate 
is set as 0.001 to balance training speed and accuracy, the batch size is set as 64, and 
the activation function in all MLP layers is a nonlinear activation function, Leaky ReLU. 
The Multi-Task Cross model (MTC) [20] is used to demonstrate the constraints of DLC 
on monotonicity. For each experiment, 1000 training epochs are conducted until the loss 
function on the validation set no longer falls in both DLC and MTC models.

4 � Results and discussion
4.1 � Validation of the deep lattice cross model

Figure  10 shows the comparison between CFD simulation values and DLC prediction 
results of 50 random validation samples. From Fig. 10, both prediction results of Cl and 
Cd agree well with CFD results on the random validation samples. The prediction errors 
of Cl and Cd are relatively modest, and the CFD simulation results correspond well with 
the DLC model predictions.

The generalization ability and scalability of DLC are then evaluated by testing datasets 
that have not been used in training, as shown in Fig. 11. The testing datasets consist of 
two interpolation datasets, α = [3◦, 9◦] , which are used to verify the learning effect, and 
other two extrapolation datasets, α = [−5◦, 14◦] , which aim to test the generalization 
ability. Prediction results in Fig. 11 illustrate very low errors for both Cl and Cd during a 

(8)MAPE =
100%

N

N∑

i=1

∣∣∣∣∣
C − Ĉ

Ĉ

∣∣∣∣∣,

(9)MAE =
1

N

N∑

i=1

∣∣∣C − Ĉ
∣∣∣.
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whole unfolding process for all four test datasets. Specifically, for Cl , results show good 
agreement in all four test cases. As for Cd , when α is small, the prediction error is slightly 
larger, as shown in Fig.  11c. For larger α , the Cd prediction curve fits well with CFD 
results.

As shown in Fig.  12, three time nodes during the unfolding process, i.e., 
t = [0.5 s, 1.0 s, 2.0 s] , are extracted to obtain the curves of Cl, Cd and lift-drag ratio, K , 

Fig. 10  Comparison of lift coefficients and drag coefficients for the validation samples

Fig. 11  Comparison between the computational fluid dynamics values and the predicted values for the four 
testing datasets



Page 13 of 16Zhao et al. Advances in Aerodynamics             (2025) 7:7 	

changing with the angles of attack respectively. It can be observed that the predicted 
values of the DLC model fit the CFD results well. For K  , DLC can accurately predict the 
value of α that corresponds to the maximum K  . When α is large or small, the predicted 
K  is still consistent with the CFD result.

Table  1 displays the average MAPE of Cl and Cd at four angles of attack in the  test 
datasets. It demonstrates that the DLC model has the highest prediction accuracy com-
pared to the other two non-monotonic prediction models. The prediction accuracy of 
the MTC model has also improved when compared to MLP. Specifically, DLC reduces 
the sum MAPE of Cl and Cd by around 1.3% compared to MTC, and around 4% com-
pared to MLP.

Fig. 12  Comparison of aerodynamic parameters between the DLC predictions and CFD results at a t = 0.5 s , 
b t = 1.0 s , and c t = 2.0 s

Table 1  Mean absolute percentage error comparison of lift coefficients and drag coefficients on 
test datasets

Model DLC MLP MTC

Cl 1.35% 2.39% 1.76%

Cd 3.10% 6.11% 3.97%
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4.2 � Monotonicity verification of various prediction models

The monotonicity of DLC and another non-monotonic prediction model, MTC, is com-
pared. Comparisons of the predicted Cl at unfolding time t = [0.0 s, 0.5 s, 1.0 s, 2.0 s] in a 
wider α range are shown in Fig. 13. In order to verify the role of DLC in ensuring mono-
tonicity, α is extended to a very small value of −15° that was not covered in the training 
and testing datasets.

According to Fig.  13, all three prediction models can describe the monotonic-
ity characteristics of Cl for α in the range −5°–14°, which is covered in the training 
and testing datasets. However, the reasons that lead to the monotonicity of predic-
tion results for these prediction models are different. For MTC, the reason is that 
the training data is monotonic. As for DLC, it is mainly due to the limitations of the 
model structure.

When α ∈ (−15◦ − −5◦) , CFD results indicate that Cl still maintains a mono-
tonic increasing trend. CFD results illustrate the trend of Cl changes when the value 
of α is small, in order to demonstrate the rationality of ensuring monotonicity of 
the prediction model. Within these small angles of attack range, MTC results show 
obvious non-monotonic characteristics in Fig. 13a and b, while results of DLC can 
keep the monotonicity even at a quite small α . As shown in Fig. 13c and d, the pre-
diction results of MTC also exhibit monotonicity in the latter half of the unfolding 
process. This suggests that monotonic datasets may make the non-monotonic net-
work exhibit monotonicity, but this is  not guaranteed. In order to ensure that  the 

Fig. 13  Comparison of Cl in a wider range between the DLC and MTC predictions at a t = 0.0 s , b t = 0.5 s , c 
t = 1.0 s , and d t = 2.0 s
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prediction results exhibit monotonicity with respect to specific inputs, imposing 
constraints on neural networks is a useful and feasible method.

5 � Conclusions
Lift coefficients always increase with the angle of attack within a reasonable range. To 
enhance the reliability and interpretability of predictions for morphing aircraft  that 
exhibit highly unsteady aerodynamic characteristics, we integrated a monotonic-
ity constraint into a deep learning framework, the Deep Lattice Cross Network. This 
model employs the Deep Lattice Network and its enhancements to ensure the mono-
tonic behavior of lift coefficient relative to the angle of attack, while utilizing the 
Cross Layer for predicting the non-monotonic drag coefficient. By incorporating the 
Multi-Task Learning method, the model efficiently predicts both lift and drag coef-
ficients, optimizing the use of limited training data and conserving computational 
resources through a two-phase deep network training strategy that yields accurate 
results for both parameters.

Two interpolation and two extrapolation datasets are utilized to evaluate the gen-
eralization ability and scalability of the  Deep Lattice Cross Network. For all four 
testing cases, the prediction results show high agreement with computational fluid 
dynamics results. Specifically, the Deep Lattice Cross Network reduces the sum Mean 
Absolute Percentage Error of Cl  and Cd  by around 1.3% when compared to other 
state-of-the-art prediction models. However, while the model excels in ensuring 
monotonicity, its generalization capabilities across an extremely broad range of angles 
of attack (α = −10◦ and − 15◦) require further refinement.

The Deep Lattice Cross Network, with its embedded monotonicity constraints, 
offers superior predictive accuracy. This deep learning model, designed to uphold 
physical monotonicity, is not only applicable to lift prediction in aircraft but also 
holds promise for a variety of aerodynamic parameter predictions exhibiting mono-
tonic traits, potentially serving as a submodule within broader aircraft design models.
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